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Abstract

We give an O(log k/ log log k) prophet inequality when the system of feasible sets is the union
of k “easy” systems (e.g., matroids and knapsacks) each admitting a constant-factor prophet
inequality. This implies an O(log k/ log log k) prophet inequality for downward-closed systems
with k maximal feasible sets, matching the lower bound by Babaioff, Immorlica, and Kleinberg
[BIK07]. As a result, under the parametrization by k, our upper bound is asymptotically optimal
for downward-closed systems, and by implication, unions of k easy systems.



1 Introduction

Prophet inequalities are algorithms that, given distributional information, select items online sub-
ject to feasibility, so as to maximize the total value of items selected. More specifically, a total of
n items have independent values, whose distributions are known to the algorithm upfront. Items
arrive online one by one in an adversarial order. Upon the arrival of each item, the algorithm
observes the realized value of the item, and must decide immediately and irrevocably whether to
select the item. Throughout the procedure, the items selected must always be feasible, i.e., the set
of items selected must be a member of a prescribed system of feasible sets. Different choices of the
system of feasible sets lead to natural special cases of the problem, including single-choice prophet
(the system consists of all singletons), multi-unit prophet (the system consists of all sets below a
certain size), matroid prophet (the system corresponds to independent sets of a given matroid),
etc.

As a result of persistent interest and effort in prophet inequalities, most important variants have
now been largely resolved, in the sense that we know at least the asymptotically tight competitive
ratio (i.e., value achievable online as a fraction of the offline optimum), and often even the precise
numerical value thereof. Super-constant gaps remain in very few cases, among which perhaps the
cleanest one is prophet inequalities with general downward-closed systems of feasible sets: Rubin-
stein [Rub16] presents an O(log2 n) upper bound,1 while Rubinstein and Singla [RS26] give a lower
bound of Ω((log n/ log log n)2). The two bounds almost match each other, but not exactly. This
gap, while small, motivates our work in a curious sense discussed below — in fact, as a corollary
of our main result, we will “close” the gap by looking at it in a different way.

The above bounds are parametrized by n, the number of items. We take another perspective,
which, in the case of downward-closed systems, involves parametrizing the problem by k, the number
of maximal feasible sets. While less popular, this is not unreasonable — for example, Feldman et
al. [FGGS25] parametrize their bound using the same parameter in the context of clock auctions.
More importantly, this parametrization enables a new, more general interpretation of downward-
closed systems: A downward-closed system with k maximal sets is the union of k power sets (or free
matroids), each generated by one maximal set. Under this interpretation, downward-closed systems
generated by k maximal sets become a special case of something highly general: For example, one
could consider systems that are unions of k matroids, or k sub-systems each defined by a knapsack
constraint, or even mixtures thereof. In fact, our main result applies to any system that is the
union of k easy systems, each admitting a (for example) constant-factor prophet inequality on its
own. In other words, we measure the complexity of a problem instance by not how many items,
but how many disjunctive easy systems / constraints it involves.

1.1 Results and Techniques

Our main result is a generic algorithmic reduction, from a problem instance defined on the union
of k easy systems, to those defined on each of these easy systems:

Theorem 1 (informal version of Theorem 2). Consider k systems F1, . . . ,Fk defined over a com-
mon ground set of independent items. Suppose there is some α ≥ 1 such that for each i ∈ [k], the
problem instance defined by Fi alone admits an α-competitive prophet inequality. Then the problem

1To be more precise, the bound is O(logn · log r), where r is the size of the largest feasible set.
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instance defined by F =
⋃

i∈[k]Fi admits an O(α · log k/ log log k)-competitive prophet inequality,
where O(·) hides an absolute constant.

As a direct corollary, there exists an O(log k/ log log k)-competitive prophet inequality for any
problem instance defined by the union of k systems each admitting a constant-factor prophet in-
equality, including matroids, knapsacks, etc. This in particular subsumes downward-closed systems
as a special case, which are unions of free matroids. As a result, we obtain the following bound for
downward-closed systems generated by k maximal sets:

Corollary 1 (informal version of Corollary 2). Any problem instance defined by a downward-closed
system containing k maximal sets admits an O(log k/ log log k)-competitive prophet inequality.

Note that this bound is asymptotically tight: The hard instance by Babaioff, Immorlica, and
Kleinberg [BIK07] (in which k = poly(n)) rules out o(log k/ log log k)-competitive prophet inequal-
ities even restricted to the case of disjoint maximal sets and iid items with binary values. By
implication, our main result for unions of k easy systems is also tight under the k-parametrization.

Proposition 1 (informal, corollary of [BIK07]). The above upper bounds for downward-closed
systems and unions of easy systems are asymptotically optimal under the k-parametrization.

In fact, our bound for downward-closed systems is the first asymptotically tight bound, albeit
under a less canonical parametrization. While this bound does not seem to easily imply an im-
proved bound under the n-parametrization, it (as well as the underlying technical insights explained
below) does hint at the possibility of such improvements.2 At the same time, it narrows down the
space of potential stronger lower bound constructions: We know that any improved lower bound
construction would necessarily involve a large number of maximal feasible sets. On top of that, it
must be structurally very rich, in the sense that it cannot be written as the union of polynomially
many easy systems.

Overview of algorithm and analysis. The reduction itself is incredibly clean. We first rule
out two easy cases:

• With constant probability, a single item contributes a significant (i.e., Ω(log log k/ log k))
fraction of the offline optimum benchmark (call it opt).

• Items with large realized values (we will define “large” appropriately so that large realized
values are rare) contribute more than half of opt in expectation.

In both cases, we simply take the first item that is large enough. In the remaining nontrivial case,
we essentially pick the “most promising” sub-system out of the k, which is most likely to contain
a set whose value is at least a constant fraction of opt, and disregard all the other possibilities.
Restricted to the most promising sub-system, we run the existing α-competitive algorithm as a
blackbox subroutine. This works because of concentration3, as we explain below.

2Superficially, to obtain a better bound than O(log2 n), one would need k = exp(o(log2 n log logn)), whereas in
general k could be as large as exp(Ω(n)) (e.g., a system containing all sets of size precisely n/2 and all subsets thereof).
Certain more complex ideas, e.g., trying to cover a system using a few matroids (which in particular handles the
above “hard” instance), do not easily give better bounds either.

3Here, concentration requires opt to be distributed somewhat evenly among sufficiently many small items. This
can possibly be violated only in the easy cases above, which are handled separately.
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Let v1, . . . , vn be the values of the n items, which are independent random variables. Consider
the maximum value, say X, generated by the best set in any given system F (which could be either
the union system or a sub-system, depending on the context), i.e.,

X = max
S∈F

∑
i∈S

vi.

First, imagine F is the union system. Rubinstein [Rub16] already observes that X is reasonably
likely to be large enough, i.e., with constant probability, X is at least a constant fraction of its
expectation (opt in this case). Given this, applying a simple union bound over the k sub-systems,
we see that with probability Ω(1/k), the most promising sub-system generates at least a constant
fraction of opt. That is, the most promising system is at least somewhat likely to be very good. Below
we argue that this implies that the most promising system must be somewhat good in expectation,
i.e., it generates a substantial fraction (i.e., Ω(log log k/ log k)) of opt in expectation.

Now imagine F is our most promising system. We observe (as a corollary of well-established
statistical facts) that X (which is now the value generated by the most promising system) is rarely
much larger than its expectation. In fact, as long as E[X] is not too small (which, as we argue,
must be the case), the tail probability Pr[X ≥ t · E[X]] for t ≥ 1 decays super-exponentially in t:

Pr[X ≥ t · E[X]] ≤ exp(−Ω(t log t)).

So, the probability that X is more than E[X] ·C log k/ log log k for some sufficiently large constant
C must be sufficiently small (i.e., o(1/k)). On the other hand, recall that the probability that
X is a constant fraction of opt is Ω(1/k), which means opt ≤ C log k/ log log k · E[X]. Now if we
run an α-competitive algorithm for the most promising sub-system, the value we get would be
E[X]/α = opt · log log k/(α ·C log k). In other words, in addition to the factor of α, we lose a factor
of O(log k/ log log k) in the entire process.

1.2 Further Related Work

Prophet inequalities have been extremely well-studied in different models and contexts. In the
classical single-choice prophet inequality, Krengel and Sucheston [KS77] show that the online algo-
rithm can achieve at least half of the expected offline optimum. Subsequent research has explored
the prophet problem in a variety of settings, including matroids [KW12; FSZ16; LS18], knapsack
constraints [FSZ15; DFKL17], polymatroids [DK15], k-choice (uniform matroids) [HKS07; Ala11;
JMZ22], matching constraints [GW19; EFGT20], independent sets in graphs [GHK+14], combi-
natorial allocation [FGL15; DFKL20; DKL20; Zha22; CC23], single-sample algorithms [AKW14;
RWW20; CDF+22; DKL+24], etc. For comprehensive coverage of the problem and its variants,
we refer interested readers to surveys [Luc17; CFH+18].

Having set the broader context, we now turn to the lines of research most closely related to the
present work. For prophet inequalities on general downward-closed set systems, in addition to the
aforementioned papers [BIK07; Rub16; RS26], Rubinstein and Singla [RS17] extend the problem
to combinatorial valuation functions. This research is also relevant to intersections and unions of
matroid systems. Kleinberg and Weinberg [KW12] show a competitive ratio of (4k − 2) for the
intersection of k matroids and a lower bound of Ω(

√
k). Feldman, Svensson, and Zenklusen [FSZ16]

demonstrate an improved upper bound of e(k+1), and Saxena, Velusamy, and Weinberg [SVW23]
establish an improved lower bound of k1/2+Ω(1/ log log k). Alon et al. [AGP+25] consider “k-fold
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matroid unions”, and present a prophet inequality which achieves at least (1− O(
√

(log k)/k)) of
the expected optimum. This is different from unions of k matroids that we consider: The k-fold
union of matroids is defined by taking one independent set from each of the k matroids, putting
the union of these independent sets into the new system, and enumerating all combinations of
independent sets. As a result, the problem defined by the k-fold union of matroids becomes easier.
To the best of our knowledge, no prior work has studied prophet inequalities for unions of easy
systems, or even special cases thereof, e.g., unions of matroid independent systems. Our main
result extends the problem to a broader class of constraints.

2 Preliminaries

The downward-closed prophet problem. Consider a collection of n items [n]. Each item i
has a value vi, drawn independently from a known distribution Di over R≥0. Let F be an arbitrary
downward-closed set system on the item set. The algorithm has prior knowledge of n, F , and all
distributions {Di}, and maintains a set ALG of selected elements.4 An (adaptive online) adversary
determines the arrival order: At each time, some unseen item i arrives, and its value vi ∼ Di

realizes. Upon observing the realized value vi ∼ Di, the algorithm must make an immediate and
irreversible decision about whether to include the corresponding item in ALG, while keeping ALG
feasible (i.e., ALG ∈ F). The objective is to maximize (the expectation of) the total selected value,
i.e.,

alg = E

[ ∑
i∈ALG

vi

]
.

Let OPT := argmaxS∈F
∑

i∈S vi denote the optimal feasible set in hindsight (ties broken arbi-
trarily), and

opt := E

[ ∑
i∈OPT

vi

]
= E

[
max
S∈F

∑
i∈S

vi

]
denote the expected offline optimum. We say that an online algorithm induces a prophet inequality
with competitive ratio β ≥ 1, if for any distributions {Di}ni=1,

β · alg = β · E

[ ∑
i∈ALG

vi

]
≥ E

[
max
S∈F

∑
i∈S

vi

]
= opt,

where the expectations are taken over the randomness in the realization process (and possibly the
randomness of the algorithm).

The system of feasible sets as the union of k easy systems. We say that a set system F is
the union of k independence systems, iff there exist independence systems F1, · · · ,Fk ⊆ 2[n] such
that F = ∪j∈[k] Fj . In other words, a set S is feasible in F iff there exists some j ∈ [k] such that
S ∈ Fj .

As briefly discussed earlier, considering the union of k easy systems is more general than that
of k maximal feasible sets. Since each system Fi ⊆ 2[n] is a collection of maximal sets, it may, for
example, be a matroid or a knapsack constraint. Also note that in principle, the k sub-systems are

4Slightly abusing notation, we will use ALG to denote both the algorithm and the set of items it selects.
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not necessarily part of the problem instance, but something the algorithm is free to choose. For
example, one could in principle view the collection of independent sets of a matroid as the union of
the power sets generated by all its maximal members, where each maximal member induces its own
easy sub-system. However, treating the entire collection of independent sets as one easy system, in
our framework, normally leads to a better overall competitive ratio.

3 Algorithm for Unions of Easy Systems

In this section, we assume that for each j ∈ [k], there exists a prophet algorithm ALGj for the
system Fj that gives a competitive ratio of α. For ease of presentation, we assume items arrive
from 1 to n (our algorithm does not utilize the order of arrival). We begin with a verbal description
of the algorithm:

1. Initialize ALG← ∅. Set t as the largest number such that Pr[maxi vi ≥ t] ≥ 1
2 .

2. If t > (opt · log log k)/(200000 log k), take the first item with a value greater than or equal to
t.

3. Otherwise, let opt>2t denote the expected contribution from values greater than 2t, i.e.,

opt>2t := E

 ∑
i∈OPT:vi>2t

vi

 .

If opt>2t ≥
opt
2 , then take the first item with a value > 2t.

4. Otherwise, ignore values greater than 2t, and let opt≤2t denote the expected offline optimum
of the resulting instance. That is,

opt≤2t := E

[
max
S∈F

∑
i∈S

v≤2t
i

]
, where v≤2t

i =

{
vi, if vi ≤ 2t

0, otherwise
.

Choose the independence system Fj that maximizes Pr[maxS∈Fj

∑
i∈S vi ≥

opt≤2t

2 ]. Choose
the set ALG by applying the existing α-competitive algorithm ALGj to Fj . (This guarantees
an expected value no less than 1

α · E[maxS∈Fj

∑
i∈S vi].)

The formal description is given as Algorithm 1. We argue that this algorithm admits a com-
petitive ratio of O(α · log k/ log log k).

Theorem 2. Consider k independence systems F1, · · · ,Fk defined over [n]. Suppose that for each
j ∈ [k], the problem instance defined by Fj alone admits an α-competitive prophet inequality. Then
Algorithm 1 is O(α · log k/ log log k)-competitive for the instance defined by F = ∪j∈[k]Fj.

Theorem 2 is proved in Sections 3.1–3.4. Before proceeding to the proof, we state the following
corollary of Theorem 2.

Corollary 2. For any downward-closed prophet instance containing k maximal feasible sets, Algo-
rithm 1 obtains a competitive ratio of O(log k/ log log k).
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Algorithm 1: Algorithm for unions of k easy systems.

Input: n, downward-closed set system F , and distributions {Di}ni=1

Output: Set of items ALG

/* Assume for each j ∈ [k], there exists an α-competitive algorithm ALGj for

the system Fj. */

1 Initialize ALG← ∅;
2 t← max{x : Pr[max

i
vi ≥ x] ≥ 1

2};

3 if t > opt·log log k
200000 log k then

4 i∗ ← min{i : vi ≥ t};
5 R← {i∗};
6 else if opt>2t ≥

opt
2 then

7 i∗ ← min{i : vi > 2t};
8 R← {i∗};
9 else

10 Ignore values > 2t;

11 Fj∗ ← argmax
Fj⊆F

Pr

[
max
S∈Fj

∑
i∈S vi ≥

opt≤2t

2

]
;

12 R← ALGj∗(Fj∗);

13 ALG← ALG ∪R;
14 return ALG;

Proof of Corollary 2 given Theorem 2. Each maximal feasible set is a free matroid. For each j ∈
[k], take Fj as the power set of the j-th maximal feasible set Mj ∈ F , we have F = ∪j∈[k]Fj . For
each prophet instance defined by Fj , selecting all items in the set (i.e., ALGj = Mj for each j ∈ [k])
gives a 1-competitive prophet inequality. By Theorem 2, Algorithm 1 yields a competitive ratio of
O(log k/ log log k).

3.1 The Easy Cases

As introduced earlier, there are two easy cases where the algorithm takes the first item that is large
enough. We summarize the results in the following lemma.

Lemma 1. Consider any downward-closed prophet instance defined as the union of k independence
systems. Algorithm 1 attains a competitive ratio of O(log k/ log log k) for the following two cases:

1. t > opt·log log k
200000 log k .

2. opt>2t is no less than opt
2 .

Proof. Recall that t is the largest number such that Pr[max
i

vi ≥ t] ≥ 1
2 . For case 1., the probability

of taking an item with a value ≥ t is at least 1
2 . Therefore, the algorithm obtains an expected value

of at least (opt · log log k)/(400000 log k).
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For case 2., the algorithm takes the first item with a value > 2t. The probability of taking an
item is less than 1

2 . In other words, for any item i, the probability that the algorithm reaches i
without selecting any item is greater than 1

2 . We have:

alg ≥
n∑

i=1

Pr[reaching item i] · Pr[vi > 2t] · E[vi|vi > 2t]

>
n∑

i=1

1

2
· E[vi · 1vi>2t]

=
1

2

n∑
i=1

E[vi · 1vi>2t].

opt>2t is no greater than
∑n

i=1 E[vi · 1vi>2t]. Therefore, the algorithm achieves at least a constant
fraction of the expected contribution from values > 2t, and thus a constant fraction of opt.

3.2 Tail Behavior of the Maximum Value

Our proof relies on the following tail bound by [Led97]:

Theorem 3 (Theorem 2.4 in [Led97]). Let Yi’s be independent random variables with values in
some space S; let C be a countable class of measurable functions f : S → [0, 1]; and let Z =
supf∈C

∑n
i=1 f(Yi). Then, for every t ≥ 0,

Pr [Z ≥ E[Z] + t] ≤ exp

(
− t

K
log

E[Z] + t

E[Z]

)
. (1)

For some numerical constant K > 0.

We interpret this bound similarly to [Rub16]. Let Yi be the vector in [0, 1]|Fj | whose S-th
coordinate is vi if i ∈ S, and 0 otherwise. Let fS(Yi) := [Yi]S (i.e., the S-th coordinate of Yi),
so

∑n
i=1 fS(Yi) is the value of set S. Let C := {fS}S∈Fj . And Z = supfS∈C

∑n
i=1 fS(Yi) =

maxS∈Fj

∑
i∈S vi. We derive the following lemma.

Lemma 2. Consider an independence system Fj and independent variables vi ∈ [0, 1]. Let Z =
maxS∈Fj

∑
i∈S vi with E[Z] = λ. For x ≥ 2, it holds that:

Pr [Z ≥ x · λ] ≤ exp

(
− 1

6590
λ · x log x

)
.

We defer the proof of Lemma 2 to Appendix A.

3.3 The Main Reduction

We next present a concentration bound that is almost identical to Lemma 1 in [Rub16] — essentially
a generalization of the bound by Rubinstein to random variables in [0, 1]. Let V := maxS∈F

∑
i∈S vi

denote the value of optimal offline solution (which is a random variable).

Lemma 3. For opt ≥ Ω( log k
log log k ),

Pr
[
V ≥ opt

2

]
≥ 1

4
.
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Proof. We have,

opt =

∫ ∞

0
Pr [V ≥ u] du

=

∫ ∞

−opt
Pr [V ≥ opt+ t] dt

=

∫ −opt/2

−opt
Pr [V ≥ opt+ t] dt+

∫ opt

−opt/2
Pr [V ≥ opt+ t] dt+

∫ ∞

opt
Pr [V ≥ opt+ t] dt.

Setting t = u− opt gives the second equation. For the first two integrals,∫ −opt/2

−opt
Pr [V ≥ opt+ t] dt ≤

∫ −opt/2

−opt
1dt ≤ opt

2
,∫ opt

−opt/2
Pr [V ≥ opt+ t] dt ≤

∫ opt

−opt/2
Pr

[
V ≥ opt

2

]
dt ≤ 3opt

2
Pr

[
V ≥ opt

2

]
.

For the third part, we apply the concentration bound by [Led97] in Theorem 3. The interpre-
tation is slightly adjusted. Let Yi be the vector in [0, 1]|F| whose S-th coordinate is vi if i ∈ S, and
0 otherwise. Let fS(Yi) := [Yi]S (i.e., the S-th coordinate of Yi), so

∑n
i=1 fS(Yi) is the value of set

S. Let C := {fS}S∈F . And Z = supfS∈C
∑n

i=1 fS(Yi) = maxS∈F
∑

i∈S vi = V . The concentration
inequality can be rewritten as:

Pr [V ≥ opt+ t] ≤ exp

(
− t

K
log

(
1 +

t

opt

))
.

Therefore, we have,∫ ∞

opt
Pr [V ≥ opt+ t] dt ≤

∫ ∞

opt
exp

(
− t

K
log

(
1 +

t

opt

))
dt

≤
∫ ∞

opt
exp

(
− t

K

)
dt = K · exp

(
−opt

K

)
.

K · exp
(
−opt

K

)
is negligible since opt ≥ Ω( log k

log log k ). Collecting the three parts, we get,

opt ≤ opt

2
+

3opt

2
Pr

[
V ≥ opt

2

]
+ o(1).

It follows that,

Pr
[
V ≥ opt

2

]
≥ 1

3
− o(1).

The next lemma establishes that for sufficiently large opt, we can get a constant lower bound
on the expected value of the selected sub-system.

Lemma 4. When vi ∈ [0, 1] for any item i and opt ≥ 50000 log k
log log k , for the system Fj that maximizes

Pr[maxS∈Fj

∑
i∈S vi ≥ opt

2 ], it holds that E[maxS∈Fj

∑
i∈S vi] ≥ 1.
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Proof. Assume, for the sake of contradiction, that E[maxS∈Fj

∑
i∈S vi] < 1. Consider a more

promising imaginary set S′ ∈ F ′
j that dominates any S ∈ Fj : let {v′i}i∈S′ denote the values in set

S′: for all i ∈ S′, v′i ∈ [0, 1] and stochastically dominates vi; and E[maxS′∈F ′
j

∑
i∈S′ v′i] = 1. Then,

Pr

[
max
S′∈F ′

j

∑
i∈S′

v′i ≥
opt

2

]
≥ Pr

[
max
S∈Fj

∑
i∈S

vi ≥
opt

2

]
.

Apply Lemma 2 and E[maxS′∈F ′
j

∑
i∈S′ v′i] = 1, we have:

Pr

[
max
S′∈F ′

j

∑
i∈S′

v′i ≥
opt

2

]
≤ Pr

[
max
S′∈F ′

j

∑
i∈S′

v′i ≥
25000 log k

log log k

]

≤ exp

(
− 1

6590
· 25000 log k

log log k
log

(
25000 log k

log log k

))
= exp

(
− 2500 log k

659 log log k
(log 25000 + log log k − log log log k)

)
= k

(
− 2500

659

(
log 25000
log log k

+1− log log log k
log log k

))

< k
2500
659

(
log log log k
log log k

−1
)

≤ k
2500
659 (

1
e
−1)

< k−2.3.

The second last inequality is due to log log log k
log log k ≤ 1

e .

By Lemma 3, Pr[V ≥ opt
2 ] ≥ 1

4 . According to the union bound, for the system Fj that maximizes
Pr[maxS∈Fj

∑
i∈S vi ≥ opt

2 ], we have,

Pr[max
S∈Fj

∑
i∈S

vi ≥
opt

2
] ≥ 1

4k
.

That implies,

Pr[max
S′∈Fj

∑
i∈S′

v′i ≥
opt

2
] ≥ Pr[max

S∈Fj

∑
i∈S

vi ≥
opt

2
] ≥ 1

4k
.

This contradicts Pr
[
maxS′∈F ′

j

∑
i∈S′ v′i ≥

opt
2

]
< k−2.3. Therefore, the initial assumption is

false, and we conclude that E[maxS∈Fj

∑
i∈S vi] ≥ 1.

It remains to consider the case that t ≤ (opt · log log k)/(200000 log k) and opt>2t <
opt
2 . The fol-

lowing lemma shows the algorithm incurs an additional factor of O(log k/ log log k) in the reduction
process.

Lemma 5. Suppose that for each j ∈ [k], the problem instance defined by Fj alone admits an α-
competitive prophet inequality. When t ≤ (opt·log log k)/(200000 log k) and opt>2t <

opt
2 , Algorithm

1 achieves a competitive ratio of O(α · log k
log log k ).
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Proof. We first show that opt≤2t >
opt
2 .

Let V be the vector of all random variables. For any fixed realization V = v = (v1, · · · , vn),
the set OPT is fixed:

E

[ ∑
i∈OPT

vi

∣∣∣∣∣V = v

]
=

∑
i∈OPT:vi>2t

vi +
∑

i∈OPT:vi≤2t

vi

= E

 ∑
i∈OPT:vi>2t

vi

∣∣∣∣∣∣V = v

+ E

 ∑
i∈OPT:vi≤2t

vi

∣∣∣∣∣∣V = v

 .

Since this inequality holds for any realization v, we have:

E

[ ∑
i∈OPT

vi

∣∣∣∣∣V
]
= E

 ∑
i∈OPT:vi>2t

vi

∣∣∣∣∣∣V
+ E

 ∑
i∈OPT:vi≤2t

vi

∣∣∣∣∣∣V
 .

Take the unconditional expectation E[·] on both sides. By linearity of expectation and the law of
total expectation,

opt = E

[ ∑
i∈OPT

vi

]
= E

 ∑
i∈OPT:vi>2t

vi

+ E

 ∑
i∈OPT:vi≤2t

vi

 .

We have E
[∑

i∈OPT:vi≤2t vi

]
= E

[∑
i∈OPT v≤2t

i

]
. Since OPT ∈ F , for any fixed realization v:

E

[
max
S∈F

∑
i∈S

v≤2t
i

∣∣∣∣∣V = v

]
≥ E

[ ∑
i∈OPT

v≤2t
i

∣∣∣∣∣V = v

]
.

Similarly, apply linearity of expectation and the law of total expectation, it follows that:

opt≤2t = E

[
max
S∈F

∑
i∈S

v≤2t
i

]
≥ E

 ∑
i∈OPT:vi≤2t

vi

 >
opt

2
.

Recall that we ignore all values greater than 2t. All items have values in [0, 2t] (i.e., [0, (opt ·
log log k)/(100000 log k)]). Scale the valuation support such that all items have values in [0, 1]. Let
{v′i}i∈[n] denote the values after scaling; and let opt′ denote the expected offline optimum after
scaling:

v′i =

{
vi/

opt·log log k
100000 log k , if vi ≤ 2t

0, otherwise
and opt′ = E

[
max
S∈F

∑
i∈S

v′i

]
.

We get that:

opt′ =
opt≤2t · 100000 log k

opt · log log k
>

50000 log k

log log k
.

To show that the algorithm obtains an Ω( 1α ·
log log k
log k )-fraction of opt, it is equivalent to show

that after scaling, it gets an Ω( 1α ·
log log k
log k )-fraction of opt′.
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Let Fj∗ be the independence system selected by the algorithm that maximizes Pr[max
S∈Fj

∑
i∈S v′i ≥

opt′

2 ]. Let γ denote the expected optimum value in Fj∗ , i.e., γ := E[maxS∈Fj∗
∑

i∈S v′i]. By Lemma
4, we get γ ≥ 1.

If opt′

2γ < 2, we would directly get a constant upper bound on opt′

γ , which implies a competitive

ratio of O(α) for the algorithm. For any opt′

2γ ≥ 2, Lemma 2 implies that,

Pr

[
max
S∈Fj∗

∑
i∈S

v′i ≥
opt′

2γ
· γ

]
≤ exp

(
− γ

6590
· opt

′

2γ
log

(
opt′

2γ

))
≤ exp

(
− 1

6590
· opt

′

2γ
log

(
opt′

2γ

))
.

Let V ′ denote
(
maxS∈F

∑
i∈S v′i

)
. Applying Lemma 3 yields Pr[V ′ ≥ opt′

2 ] ≥ 1
4 . By the union

bound, for system Fj∗ , we have Pr[maxS∈Fj∗
∑

i∈S v′i ≥
opt′

2 ] ≥ 1
4k . Thus,

1

4k
≤ Pr

[
max
S∈Fj∗

∑
i∈S

v′i ≥
opt′

2

]
≤ exp

(
− 1

6590

opt′

2γ
log

opt′

2γ

)
.

This implies,
opt′

2γ
= O

(
log k

log log k

)
.

Applying Algorithm ALGj∗ to system Fj∗ achieves at least γ
α . Therefore, Algorithm 1 is O(α ·

log k
log log k )-competitive.

Note that we use the α-competitive algorithm ALGj∗ on the selected sub-system Fj∗ as a sub-
routine. Given the existence of constant-factor prophet inequalities on e.g., matroids and knapsacks
([KW12; DFKL17]), it follows directly that our algorithm provides O( log k

log log k )-competitive prophet
inequalities for unions of matroids, knapsack constraints, or mixtures.

3.4 Putting Everything Together

Having established the necessary results, we now prove the main theorem.

Proof of Theorem 2. By Lemma 1, we get that the algorithm is O(log k/ log log k)-competitive for
the cases corresponding to line 3 and line 6 of Algorithm 1.

Lemma 5 shows that the algorithm is O(α · log k/ log log k)-competitive for the case correspond-
ing to line 9 of Algorithm 1. The proof of the theorem is complete.

4 A Matching Lower Bound

To be self-contained, we restate the lower bound construction by Babaioff, Immorlica, and Kleinberg
[BIK07] and show that it gives a lower bound asymptotically matching our upper bound, under
the parameterization by k. We include the construction stated in Appendix B of [Rub16].

The idea is the following: Partition n items into disjoint sets of size log n/ log logn, each set
corresponds to a maximal feasible set in F . Assign values {0, 1} independently to the items such
that for each item i, vi = 1 with probability log logn

logn and vi = 0 with probability 1− log logn
logn .

11



Theorem 4 (adapted from [BIK07; Rub16]). No online algorithm can achieve a competitive ratio
of o( log k

log log k ) for downward-closed prophet.

Proof. The instance above contains k = n·log logn
logn independence systems. The Theorem in Appendix

B of [Rub16] establishes the following conclusion that is relevant to our analysis: opt is approxi-
mately (logn/ log log n), and any online algorithm cannot achieve an expected value of more than
2. It is impossible for any online algorithm to achieve a ratio better than o( logn

log logn).
We next show that for log n > 4,

log n

log log n
≥ log k

2 log log k
.

Let m denote log n. We have,

log k = m+ log logm− logm ≤ m.

For m > 4, m− logm > m/2, we have log k > m− logm > m
2 . Therefore,

log log k > logm− log 2.

Thus, log k
log log k ≤

m
logm−log 2 . For any m > 4,

log n/ log logn

log k/ log log k
≥ m

logm
· logm− log 2

m
=

logm− log 2

logm
≥ 1

2
.
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A Omitted Proofs

Proof of Lemma 2. As shown in the proof of Theorem 2.4 in [Led97]:

Pr [Z ≥ E[Z] + t] ≤ exp

(
− t2

32E[Z]

)
∀ t ≤ 4E[Z] (i)

Pr [Z ≥ E[Z] + t] ≤ exp

(
− t

8

)
∀ t > 4E[Z] (ii)

Pr [Z ≥ t] ≤ exp

(
− t

8
log

t

E[Z]
+ t

)
∀ t ≥ 8E[Z]. (iii)

To establish an upper bound of the form exp
(
− t

K log E[Z]+t
E[Z]

)
for some constant K, we consider

the following constraints, depending on the range of t 5:

exp

(
− t2

32E[Z]

)
≤ exp

(
− t

K
log

E[Z] + t

E[Z]

)
∀ t ≤ 4E[Z] (a)

exp

(
− t

8

)
≤ exp

(
− t

K
log

E[Z] + t

E[Z]

)
∀ 4E[Z] < t < KE[Z] (b)

exp

(
− t

8
log

t

E[Z]
+ t

)
≤ exp

(
− t− E[Z]

K
log

t

E[Z]

)
∀ t ≥ KE[Z]. (c)

We check the three constraints to give a constant lower bound for K. For condition (a): take
the natural logarithm of both sides and divide by t. Substituting t

E[Z] = u, the constraint can be
rewritten as:

u

32
≥ 1

K
log(u+ 1) ∀ u ∈ (0, 4].

That is K ≥ 32 log(u+1)
u for u ∈ (0, 4]. Let f(u) = 32 log(u+1)

u . Differentiate,

f ′(u) =
32

(
u

u+1 − log(u+ 1)
)

u2
.

Let g(u) = u
u+1 − log(u+ 1). Note that g(0) = 0.

g′(u) =
1

(u+ 1)2
− 1

u+ 1
< 0 ∀ u > 0.

Therefore, f(u) is decreasing in u. The constraint becomes,

K ≥ lim
u→0+

f(u) = lim
u→0+

32 · 1
u+1

1
= 32.

The first equality follows from L’Hôpital’s rule.
For constraint (c), take the natural logarithm of both sides and divide by t. Setting u = t

E[Z] ,
the constraint can be rewritten as:

u (log u− 8) ≥ 8(u− 1)

K
log u ∀ u ≥ K.

5Condition (c) is derived from from inequality (iii), whose left-hand side is Pr [Z ≥ t]; replacing t by (E[Z] + t)
yields the desired form.
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Let h(u) = Ku(log u− 8)− 8(u− 1) log u. We need h(u) ≥ 0 for all u ≥ K. Take the derivative,

h′(u) = K log u+K − 8K − 8 log u− 8 +
8

u
> (K − 8) log u− 7K − 8.

Take K = e8.1: for u ≥ K, h′(u) > 0, h(u) is increasing in u. h(K) = 0.1e16.2 − 64.8e8.1 + 64.8 ≈
8.72× 105 > 0. Therefore, taking K = e8.1 suffices for the third condition.

We next consider condition (b) for t ∈ (4E[Z],KE[Z]). Take the natural logarithm of both
sides and divide by t. Let u = t

E[Z] , the constraint can be rewritten as:

K ≥ 8 log(u+ 1) ∀ u ∈ (4,K).

As 8 log(u+ 1) is increasing in u, K ≥ 8 log(K + 1). For K = e8.1, K ≥ 8 log(e8.1 + 1) ≈ 64.8.
Combining these cases, taking K = e8.1 ≈ 3295 suffices for the upper bound.
Rewrite (1) in terms of λ and x, we get:

Pr [Z ≥ x · λ] ≤ exp

(
− λ

K
· (x− 1) log x

)
.

Take K = 3295, for any x > 1,

Pr [Z ≥ x · λ] ≤ exp

(
− λ

3295
· (x− 1) log x

)
.

For x ≥ 2, 1
2λx log x ≤ λ(x− 1) log x. Therefore,

Pr [Z ≥ x · λ] ≤ exp

(
− 1

6590
λ · x log x

)
.
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