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Abstract

Prediction aggregation aims to combine information from multiple predictors into1

a more informative one. We study this question in the setting of calibrated predic-2

tors, where each prediction must equal the conditional expectation of the quantity3

being predicted given the predictor’s signal. Given several calibrated input pre-4

dictors and the feature distribution, but not the underlying Bayes probabilities, we5

ask when one can construct refined calibrated predictors that preserve the infor-6

mation in the original predictors and cannot be further refined using the available7

information.8

We formulate calibrated predictors as signaling schemes and define refinement9

through feature-independent garblings: a predictor refines another if its signal can10

simulate the other’s signal. Constructibility is characterized through observable11

linear information: each signal corresponds to a vector over the feature space,12

and a new signal is constructible exactly when its vector lies in the linear span13

of the input signal vectors. Under this formulation, we establish a sharp algo-14

rithmic picture. For deterministic output predictors, bilateral refinement admits a15

polynomial-time algorithm based on a bipartite graph between the two input sig-16

nal partitions, while refinement with an arbitrary number of input predictors is17

NP-hard. In contrast, when randomized output predictors are allowed, we give18

a polynomial-time algorithm for any number of input predictors by decomposing19

constructible signal vectors into extreme rays of the associated polyhedral cone.20

1 Introduction21

Prediction aggregation (or forecast aggregation) is the process of combining multiple predictions22

into a single prediction in a principled way (see, e.g., Stone, 1961; Bates and Granger, 1969; Gneit-23

ing et al., 2007; Ranjan and Gneiting, 2010). The idea is that the aggregate prediction contains24

information inherent in all input predictions, and is therefore more “informative” than any single25

input prediction. This very idea, instantiated in different ways, lies behind fundamental methodolo-26

gies and tools in different branches of computer science / machine learning: In supervised learning,27

boosting techniques are used to turn weak learners into strong ones (Schapire, 1990; Freund, 1995;28

Friedman et al., 2000); in online learning, multiplicative weights algorithms achieve low regret29

against the best fixed expert (Littlestone and Warmuth, 1994; Cesa-Bianchi and Lugosi, 2006); in30

crowdsourcing and computational social choice, voting and aggregation methods combine multiple31

individuals’ opinions into a single, supposedly representative opinion, based on which social deci-32

sions can be made (Raykar et al., 2010; Brandt et al., 2016); even in LLM architectures, mixture33

of experts (MoE) models show drastically improved efficiency and scalability while achieving sim-34

ilar, or even better performance compared to dense models (Jacobs et al., 1991; Dai et al., 2024;35

Liu et al., 2024). All this highlights the power of the clean idea underlying prediction aggregation,36

which motivates our study in this paper.37

Submitted to 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Do not distribute.



At the same time, the above also hints at the immensity of this very idea: It is deeply rooted in so38

many different areas, where it manifests in so many different technical forms, to the extent that any39

serious technical discussion of the idea must refrain from talking about the idea itself — instead, one40

must begin by putting the idea into a specific, technical context. The context of our investigation41

is refinement of calibrated predictors. Below we explain the setup and the keywords (“predictors”,42

“calibrated”, and “refinement”) using a realistic example.43

Example: click-through rate (CTR) prediction in online advertising. A user visits a platform44

(e.g., Google or Meta), which triggers the display of an ad. The platform must decide which ad45

to display from a set of candidates, and the decision depends on the predicted click-through rates46

(CTRs) of these ads, which are the predicted probabilities that the user would click on each of these47

ads. The platform sets up a predictor for each candidate ad, which maps the user’s features (region,48

language, OS, historical activities on the same platform, etc.) to a numerical prediction. Typically,49

this predictor is a machine learning model trained on historical data. Needless to say, the use of such50

predictors is omnipresent in all kinds of applications.51

In online advertising, we want the predictors to be calibrated, meaning that conditioning on a par-52

ticular prediction made by a predictor, the probability that the user would click on the ad is precisely53

the predicted value (Dawid, 1982; Foster and Vohra, 1997). In other words, the prediction is always54

equal to the conditional expectation of the true CTR given the prediction.1 This ensures that the55

ads are properly ranked, and the payments that the advertisers are charged are correctly computed56

(McMahan et al., 2013; He et al., 2014; Google Ads Help). Calibration is also desired in many other57

scenarios, e.g., medical diagnosis and weather forecasting.58

The need for refinement of predictors arises when different platforms hold complementary informa-59

tion about the same prediction task. To make this concrete, suppose there are three equally likely60

user types, A, B, and C. Two platforms hold calibrated CTR predictors f1 and f2 for the same ad,261

where f1 pools Types A and B at prediction 0.3 and separates Type C at prediction 0.7, while f262

separates Type A at prediction 0.1 and pools Types B and C at prediction 0.6. By calibration, these63

predictions identify the average CTRs of the corresponding groups. In particular, since Types A and64

B have average CTR 0.3, while Type A alone has average CTR 0.1, Type B must have average CTR65

0.3 × 2 − 0.1 = 0.5. Thus, combining the two predictors yields the fully refined calibrated pre-66

dictor with predictions 0.1, 0.5, 0.7 for Types A, B, and C, respectively. This refinement preserves67

the information in both input predictors and makes strictly finer predictions, thereby giving a Pareto68

improvement. Refinement, however, is not always possible. For example, with four equally likely69

types A, B, C, and D, suppose f1 pools {A,B} at 0.3 and {C,D} at 0.7, while f2 pools {A,C} at70

0.4 and {B,D} at 0.6. Although the two predictors contain different information, neither can be71

further refined using only the information contained in the other. This leads us to the main questions72

addressed in the paper:73

Given a collection of input calibrated predictors, when is refinement possible using the infor-74

mation contained in the other predictors? More generally, how can we compute maximally75

refined predictors, so that no further refinement is possible given all available information?76

1.1 Results and Techniques77

Predictors as signaling schemes and constructible refinements. To facilitate our study, we iden-78

tify each calibrated predictor with the signaling scheme it induces.3 Once a signal is fixed, its79

numerical prediction is pinned down by calibration: it must equal the conditional expectation of80

the label given that signal. This viewpoint is consistent with the standard informational interpre-81

tation in forecast aggregation literature, where reported forecasts are typically treated as posterior82

beliefs under the forecasters’ information. Our focus is different: we ask when and how the infor-83

mation contained in several calibrated predictors can be combined into a constructible refinement84

(see, e.g., Stone, 1961; DeGroot and Fienberg, 1983; Clemen, 1989; Arieli et al., 2018; Guo et al.,85

2025 and Section B for more discussions). Under this perspective, the numerical values carry no86

additional primitive information beyond the signal structure itself. In the deterministic case, a pre-87

1Calibration does not require feature-level accuracy; for example, a predictor that always outputs the population-average
CTR is calibrated.

2Note that predictors for different ads generally should not be combined, since they target different quantities.
3Unless stated otherwise, all predictors discussed in this work are calibrated.
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dictor partitions the feature space into signal cells; in the randomized case, it maps each feature to88

a distribution over signals. Under this representation, refinement has a natural information-theoretic89

meaning. Given two predictors f and g, we say that g refines f if the signal generated by f can90

be simulated from the signal generated by g through a feature-independent post-processing rule.91

Intuitively, g contains at least as much information as f , because one can always recover f ’s signal92

from g’s signal by garbling. Our goal is therefore to find, for each input predictor fi, a constructible93

predictor gi that refines fi and cannot be further refined within the constructible class.94

It remains to clarify constructibility. Semantically, a predictor is constructible if the calibrated value95

associated with each of its signals can be uniquely determined from the input predictors, without96

knowing the underlying Bayes probabilities. To make this criterion operable, we represent each97

signal by a vector over the feature space: for deterministic predictors, these vectors are 0-1 indicators98

of signal cells; for randomized predictors, they record the probabilities with which each feature99

generates the signal. The key observation is linear-algebraic: a new signal is constructible precisely100

when its vector can be expressed as a linear combination of the signal vectors of the input predictors.101

We formalize this characterization in Section 3; a worked example is deferred to Section A.102

The above representation gives an operable way to check whether candidate predictors are con-103

structible and whether they refine the inputs. The main algorithmic challenge is to find constructible104

predictors that maximally refine the input predictors. We study this problem separately for deter-105

ministic and randomized outputs.106

Refinement into deterministic predictors. We first consider the restriction in which the output107

predictors must be deterministic. This is natural when randomized predictions are infeasible, e.g.,108

when one needs a stable prediction for each feature. Our results establish a dichotomy between109

bilateral and multilateral refinement:110

Theorem 1.1 (informal). Restricted to deterministic predictors:111

• When there are only 2 input predictors, there is a polynomial-time algorithm for predictor refine-112

ment.113

• With an arbitrary number k of input predictors, predictor refinement is NP-hard.114

Technically, the bilateral case has a clean graph-theoretic structure. Given two deterministic input115

predictors, we build a bipartite overlap graph whose vertices are the signal cells of the two predictors,116

and where an edge indicates that two cells intersect on at least one feature. Refinement is governed117

by the connected components that arise after removing a cell from this graph: these components118

determine how that cell can be split into constructible branch pieces. Iterating this decomposition119

yields the finest constructible deterministic refinement of each input predictor in polynomial time.120

The hardness result for multilateral refinement shows that this graph structure is special to the bi-121

lateral case. With an arbitrary number of input predictors, deciding whether a target cell admits a122

nontrivial constructible split becomes a higher-dimensional linear-algebraic problem. We show that123

this problem can encode exact covering: one must combine the input signal vectors so that irrelevant124

coordinates cancel out exactly while the remaining support lies inside the target cell. This leads to125

NP-hardness via a reduction from a variant of exact cover.126

Refinement into randomized predictors. We then investigate the unrestricted problem, where127

output predictors are allowed to be randomized. In this regime, we obtain a clean positive result:128

Theorem 1.2 (informal). When randomization is allowed, there is a polynomial-time algorithm for129

predictor refinement with any number of input predictors.130

Technically, randomization turns the problem into a geometric decomposition problem over nonneg-131

ative signal vectors. The constructible signals form a polyhedral cone, and a predictor is maximally132

refined once each of its signal vectors lies on an extreme ray of this cone. Our algorithm decomposes133

every input signal vector into such extreme-ray pieces. The decomposition can be found in poly-134

nomial time. Starting from a target signal vector, the algorithm repeatedly uses linear feasibility to135

search for a nonzero constructible vector with strictly smaller support. If no such vector exists, the136

current vector spans an extreme ray; if one exists, it yields a valid split. Each split strictly decreases137

a support-size potential, which bounds the total number of iterations polynomially.138

Application: refinement as a service. Our algorithmic results can be used directly when partici-139

pants share their predictors and run one of our refinement algorithms. They also suggest a service-140
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oriented interpretation, motivated by the growing use of machine-learning services and prediction141

APIs (Tramèr et al., 2016; Bommasani et al., 2021; Google Cloud). A platform may hold a highly142

optimized general-purpose predictor, while an agent may hold a specialized predictor for a partic-143

ular domain. The platform can run our algorithm to incorporate all constructible information from144

its predictor into the agent’s specialized predictor, producing a refined predictor that is more in-145

formative while preserving the agent’s domain-specific expertise. Conversely, upon agreement, the146

platform can refine its own predictor using the agent’s information, or add the agent’s predictor to147

its available bag of signal vectors. In this sense, refinement can be viewed as a service for improving148

calibrated predictors without requiring access to the underlying Bayes probabilities.149

2 Preliminary150

We begin by introducing the basic notation for the predictor refinement problem in the binary clas-151

sification setting. Let X be a finite feature space, and let Y = {0, 1} be the binary label space. The152

data are generated according to a joint distribution D ∈ ∆(X × Y).153

A possibly randomized predictor f = (Σf , Tf , pf ) consists of a signal space Σf , a stochastic kernel154

Tf : X → ∆(Σf ), and a prediction map pf : Σf → [0, 1]. The kernel Tf (· | x) specifies, for each155

feature x, a distribution over signals, with Tf (s | x) denoting the conditional probability of realizing156

signal s given the feature realization X = x; the prediction map then assigns each realized signal157

s ∈ Σf a numerical prediction pf (s) ∈ [0, 1]. Given a feature realization X = x, the predictor158

first draws a signal s ∼ Tf (· | x) and then assigns a prediction pf (s) to this signal. Together159

with the data distribution D, the predictor f induces a joint distribution over predictions and labels,160

denoted by Γf ∈ ∆([0, 1] × Y). Let Ff denote the CDF of the induced marginal distribution of161

the predictions p. Throughout this work, we focus on perfectly calibrated predictors. Formally, a162

predictor f is perfectly calibrated if the following condition holds:163

E(p,Y )∼Γf
[Y | p] = p, for every p ∈ supp(Ff ) .

As we can see, under perfect calibration w.r.t. the data distributionD, the prediction assigned to each164

signal is uniquely determined once the signal space Σf and kernel Tf are fixed. Consequently, we165

often omit the prediction map and write f = (Σf , Tf ). A predictor f is deterministic if Tf (· | x) is166

a point mass for every feature x ∈ X .167

We formulate predictors as signal schemes, rather than simply as maps from features to numerical168

predictions, because calibrated numerical values alone may collapse signals that are informationally169

distinct. Since refinement is meant to compare the information carried by predictors, we keep real-170

ized signals as the primitive objects and recover their numerical values only through calibration. For171

example, suppose two features x1 and x2 both have calibrated value 1/2. Consider one predictor that172

uses two distinct signals, one for x1 and one for x2, and another predictor that pools {x1, x2} into a173

single signal. Both predictors always output the same numerical prediction, 1/2. However, they are174

not informationally equivalent: the first predictor can simulate the second by forgetting which signal175

was realized, while the second cannot recover the distinction between x1 and x2. Thus, represent-176

ing predictors only by their numerical predictions would identify these two predictors, whereas the177

signal-based representation correctly distinguishes their refinement content.178

Informational dominance. With the above signal-based representation in place, we now intro-179

duce the information-theoretic dominance relation used throughout the paper to compare predictors,180

which we call informational dominance.181

Definition 2.1 (Informational dominance). Let f = (Σf , Tf ), g = (Σg, Tg) be two (possibly) ran-182

domized predictors. We say that f informationally dominates g, denoted by f ≻ g, if and only if the183

following two conditions hold:184

• there exists a stochastic kernel H : Σf → ∆(Σg) such that, for every feature x ∈ X , we have185

Tg(· | x) =
∑

s∈Σf
H(· | s)Tf (s | x).186

• there does not exist any stochastic kernel H : Σg → ∆(Σf ) such that, for every feature x ∈ X ,187

we have Tf (· | x) =
∑

s∈Σg
H(· | s)Tg(s | x).188

Equivalently, conditional on X = x, one may first draw the hidden signal sf from Tf (· | x),189

and then pass sf through the feature-independent noisy channel H to obtain a new signal sg; the190

resulting conditional law of sg is exactly Tg(· | x).191
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The predictor-refinement problem. Fix the feature marginal distribution λ ∈ ∆(X ) induced by192

the data distribution D, and fix k predictors (fj)j∈[k]. A predictor g is said to be constructible from193

λ and (fj)j∈[k] if it can be determined solely from this information; that is, if there exists a mapping194

A such that g = A(λ, (fj)j∈[k]). Equivalently, g can be computed using only the information195

contained in λ and (fj)j∈[k], without access to the unknown Bayes probabilities {P[Y = 1 | x]}x∈X .196

We write G for the set of all such constructible predictors. When there is no ambiguity, we suppress197

the dependence of G on λ and (fj)j∈[k] in the notation. We next define the subset of constructible198

predictors that are undominated under our informational dominance.199

Definition 2.2 (Undominated predictors). Fix a feature distribution λ and fix k predictors200

(fj)j∈[k]. Let G≻ ⊆ G be the set of undominated constructible predictors: G≻ ≜ {g ∈ G :201

there does not exist g† ∈ G such that g† ≻ g}.202

The set G≻ includes all constructible predictors that are not dominated, within the class G. We also203

denote by GDET ⊂ G the set of all constructible deterministic predictors, and let GDET
≻ ≜ {g ∈ GDET :204

there does not exist g† ∈ GDET such that g† ≻ g} be the set of all deterministic informationally-205

undominated predictors. We are now ready to formalize the predictor refinement problem.206

PREDICTORREFINE:
Input: a feature distribution λ = (λi)i∈[n] and k predictors (fj)j∈[k].
Question: output a collection of predictors (gj)j∈[k] such that for every j ∈ [k],
• if there exists a predictor g ∈ G≻ such that g ≻ fj , then gj ∈ G≻ and gj ≻ fj ;
• otherwise gj = fj .

207

Equivalently, the problem PREDICTORREFINE asks, for each initial predictor fi, to return an undom-208

inated strict improvement whenever such an improvement exists, and to return the original predictor209

fi unchanged otherwise. Importantly, the aggregator observes only the feature distribution λ and the210

initial predictors (fj)j∈[k], and does not observe the underlying Bayes probabilities.211

Additional notations. We write the feature space as X = {xi}i∈[n], and let λ = (λi)i∈[n] where212

P[X = xi] = λi for i ∈ [n] is the probability of feature X = xi. For each feature xi, we let qi ≜213

P[Y = 1 | X = xi] ∈ [0, 1] denote its Bayes probability for the label Y = 1. For nonzero vector v ∈214

Rn
+, we slightly abuse notation and define λ(v) ≜

∑
i∈[n] λivi, Y (v) ≜

∑
i∈[n] λiqivi, µ(v) ≜215

Y (v)
λ(v) . For nonempty S ⊆ [n], we also write 1S as the set-indicator vector.216

3 Observable Linear Information217

In this section, we recast the signal-kernel representation for the predictors from Section 2 into an218

equivalent linear form (see Section 3.1), which gives rise to a formal definition of constructible219

predictors from observable information (λ, (fj)j∈[k]) (see Section 3.2).220

3.1 Representing Predictors via Bag-of-Vectors221

In this subsection, we reformulate the predictors and the informational dominance via the bag-of-222

vectors. Throughout this section, by a bag we mean a finite multiset.223

Definition 3.1 (Raw bag-of-vectors representation). Let f = (Σf , Tf ) be a finitely supported pre-224

dictor. Relabel the signal space as Σf = [mf ] where mf ≜ |Σf |. For each ℓ ∈ [mf ], define the sig-225

nal vector vf,ℓ ∈ Rn
+ by vf,ℓ(i) ≜ Tf (ℓ | xi) for i ∈ [n]. The multiset Vraw(f) ≜ {vf,ℓ : ℓ ∈ [mf ]}226

is called the raw bag-of-vectors representation of predictor f .227

Since the signal kernel Tf (· | xi) is a probability distribution on [mf ] for each i ∈ [n], the vectors228

in Vraw(f) satisfy vf,ℓ ∈ Rn
+ for all ℓ ∈ [mf ] and

∑
ℓ∈[mf ]

vf,ℓ = 1. Conversely, any finite229

bag {v1, . . . ,vm} ⊆ Rn
+ satisfying

∑
ℓ∈[m] vℓ = 1 defines a finitely supported signal kernel: one230

simply takes signal space [m] and sets T (ℓ | xi) ≜ vℓ(i) for i ∈ [n], ℓ ∈ [m]. The coordinatewise231

nonnegativity and summation condition ensure that T (· | xi) is a probability distribution on [m] for232
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every i ∈ [n]. Thus, up to relabeling of signals, finitely supported signal kernels are in one-to-one233

correspondence with finite bags of nonnegative vectors whose coordinatewise sum is 1.234

The raw bag-of-vectors representation contains a redundancy: two nonzero vectors on the same235

positive ray encode the same informative signal, up to an independent random split. Accordingly,236

we normalize out this redundancy.237

Definition 3.2 (Ray equivalence and reduced bag). For nonzero vectors v,v† ∈ Rn
+, we write238

v ∼ray v† iff v† = cv for some c > 0. Let Vraw(f) = {vf,ℓ}ℓ∈[mf ]. LetR1, . . . ,RL be the distinct239

∼ray-equivalence classes. For each t ∈ [L], define the merged vector v̄f,t ≜
∑

vf,ℓ∈Rt
vf,ℓ. The240

reduced bag-of-vectors representation of f is V(f) ≜ {v̄f,t : t ∈ [L]}.241

If v† = cv for some c > 0, then µ(v†) = µ(v). Thus, all vectors in one ray class carry the same242

numeric prediction. Moreover, passing from Vraw(f) to V(f) only merges signals that differ by243

an independent random split, so this canonicalization does not change the informational-dominance244

content of the predictor. From now on, whenever we write V(f), we always mean the reduced245

bag-of-vectors representation.246

Informational dominance in bag-of-vectors form. With the above reformulation, we can also247

define informational dominance in bag-of-vectors form.248

Definition 3.3 (Informational dominance in bag form). Let V(f) = {vf,ℓ}ℓ∈[mf ] and V(g) =249

{vg,r}r∈[mg] be the reduced bags of two predictors. We say that f informationally dominates g,250

denoted by f ≻ g, if and only if the following two conditions hold:251

• there exists a row-stochastic matrix H = (Hℓ,r)ℓ∈[mf ], r∈[mg ] ∈ [0, 1]mf×mg such that, for every252

r ∈ [mg], we have vg,r =
∑

ℓ∈[mf ]
Hℓ,r vf,ℓ.253

• there does not exist any row-stochastic matrix H = (Hr,ℓ)r∈[mg ], ℓ∈[mf ] ∈ [0, 1]mg×mf such254

that, for every ℓ ∈ [mf ], we have vf,ℓ =
∑

r∈[mg]
Hr,ℓ vg,r.255

Equivalently, if Vf ∈ Rmf×n
+ and Vg ∈ Rmg×n

+ denote the matrices whose rows are the vectors in256

V(f) and V(g), respectively, then the first condition above is equivalent to Vg = H⊤Vf .257

Lemma 3.1. Definition 3.3 is equivalent to the signal-kernel definition of informational dominance258

in Definition 2.1.259

3.2 Constructible Predictors from Observable Linear Information260

In this section, we define the set of constructible predictors. Fix the input predictors (fj)j∈[k], and261

let (V(fj))j∈[k] where V(fj) = {vj,ℓ}ℓ∈[mj ] denote their reduced bags where mj ≜ |Σfj |. Define262

N ≜
∑

j∈[k] mj , and define the unknown vector y ≜ (λ1q1, . . . , λnqn)
⊤ ∈ Rn.263

Definition 3.4 (Signal-feature matrix). Define the signal-feature matrix M ∈ RN×n
+ whose rows264

are the signal vectors of the input predictors. Equivalently, if row (j, ℓ) corresponds to the vector265

vj,ℓ, then M(j,ℓ),i ≜ vj,ℓ(i) for all j ∈ [k], ℓ ∈ [mj ], i ∈ [n]. Let the vector b ≜ My ∈ RN where266

its (j, ℓ)-th component is b(j,ℓ) = Y (vj,ℓ) = µ(vj,ℓ)λ(vj,ℓ).4 Thus, the aggregator’s information267

about the unknown vector y is exactly the linear observation My = b.268

For the fixed inputs (λ, (fj)j∈[k]), the signal-wise label totals Y (vj,ℓ) are exactly the linear func-269

tionals of the unknown vector y = (λ1q1, . . . , λnqn)
⊤ that are directly determined by the observed270

predictors. Collecting these quantities over all input signals yields a linear system My = b; we call271

the pair (M,b), or equivalently the equation My = b, the observable linear information induced272

by (λ, (fj)j∈[k]).273

If predictor fj is deterministic, then for each feature xi there exists a unique signal in Σfj that is274

realized with probability one. Define the cell275

Aj,ℓ ≜ { i ∈ [n] : Tfj (ℓ | xi) = 1 }, ℓ ∈ [mj ] .

4This scalar is determined by the observed inputs (λ, (fj)j∈[k]) since µ(vj,ℓ) is the prediction attached to the signal
vj,ℓ and λ(vj,ℓ) is computable from λ and vj,ℓ.
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Because fj is deterministic, the nonempty sets Aj,1, . . . , Aj,mj form a partition of [n]. We call this276

partition the signal partition of fj and denote it by Πfj = {Aj,ℓ}ℓ∈[mj ].277

Remark 3.5. If predictor fj is deterministic with signal partition Πfj = {Aj,ℓ}ℓ∈[mj ], then vj,ℓ =278

1Aj,ℓ
for every ℓ ∈ [mj ]. Thus, in the deterministic special case, Definition 3.4 reduces to a matrix279

with 0/1 rows.280

We identify the row space of M with a subspace of Rn:281

ROW(M) ≜ {M⊤α : α ∈ RN} = SPAN{vj,ℓ : j ∈ [k], ℓ ∈ [mj ]} ⊆ Rn.

Definition 3.6 (Observable vector). A vector v ∈ Rn is called observable if the value Y (v) = v⊤y282

is uniquely determined by the observed data, equivalently by b = My.283

Proposition 3.2. A vector v ∈ Rn is observable if and only if v ∈ ROW(M).284

Corollary 3.3. A nonempty subset S ⊆ [n] is observable if and only if 1S ∈ ROW(M).285

Constructible predictors from observable information. We are now ready to formally define286

constructible predictors.287

Definition 3.7 (Constructible predictors). A finitely supported predictor g is said to be constructible288

from observable information if its reduced bag can be written as V(g) = {vg,1, . . . ,vg,mg
} for289

some finite family of vectors satisfying: (i) vg,r ∈ ROW(M) ∩ Rn
+ \ {0} for every r ∈ [mg]; (ii)290 ∑

r∈[mg]
vg,r = 1 coordinatewise. The prediction attached to the signal vg,r is µ(vg,r). We write291

G for the set of all such predictors.292

Condition (i) ensures that each signal of g is identifiable from the observable linear information.293

Condition (ii) ensures that the family {vg,r}r∈[mg ] defines a valid stochastic kernel via Tg(r | xi) ≜294

vg,r(i).295

Remark 3.8. Definition 3.7 is the formal notion of constructibility used in the remainder of the296

paper. In particular, whenever we write G, we mean the family of predictors constructible from297

observable linear information in the sense of Definition 3.7.298

Corollary 3.4 (Constructible deterministic predictors). Let g be a deterministic predictor, and let299

Πg = {A1, . . . , Amg
} be its signal partition. Then g ∈ GDET if and only if 1Ar

∈ ROW(M) for300

every r ∈ [mg]. In that case, the prediction on the signal cell Ar is µ(Ar).301

Remark 3.9. For deterministic predictors under informational dominance, the primitive objects are302

the signal cells in Πg . Distinct signal cells are not merged merely because they display the same303

numeric prediction. This is the interpretation that will be used in Section 4.304

4 Hardness and Efficient Algorithms for Deterministic Predictors305

In this section, we study the search problem PREDICTORREFINE restricted to deterministic inputs306

and deterministic outputs; that is, the input predictors (fj)j∈[k] and the output predictors (gj)j∈[k]307

are all required to be deterministic predictors.308

Fix a feature distribution λ = (λi)i∈[n] and deterministic input predictors (fj)j∈[k]. Recall that309

GDET ⊆ G denotes the set of constructible deterministic predictors, and GDET
≻ ⊆ GDET denotes the310

set of constructible deterministic predictors that are undominated by any other constructible deter-311

ministic predictors. By Corollary 3.4, a deterministic predictor g belongs to GDET if and only if312

1A ∈ ROW(M) for every signal cell A ∈ Πg . In that case, the prediction on cell A is the calibrated313

value µ(1A). By Remark 3.9, the primitive objects in this section are the signal cells in Πg . With this314

simplification in place, informational dominance for deterministic predictors can be characterized315

entirely in terms of the refinement relation between their signal partitions.316

Lemma 4.1 (Dominance for deterministic predictors). Let g, h be deterministic predictors, and let317

Πg and Πh denote their signal partitions. Then we have g ≻ h if and only if Πg strictly refines318

Πh, that is, for every cell A ∈ Πg , there exists a cell A′ ∈ Πh such that A ⊆ A′, and moreover319

Πg ̸= Πh.320
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4.1 NP-Hardness for Solving PREDICTORREFINE321

To establish the hardness of the search problem PREDICTORREFINE, we first consider the following322

decision problem IFREFINABLE as a sub-problem toward solving PREDICTORREFINE.323

IFREFINABLE:
Input: a feature distribution λ = (λi)i∈[n] and k deterministic predictors (fj)j∈[k].
Question: does there exist a predictor g ∈ GDET

≻ such that g ≻ f1?
324

Theorem 4.2. The decision problem IFREFINABLE is NP-hard.325

Corollary 4.3. The search problem PREDICTORREFINE, restricted to deterministic input predictors326

and deterministic output predictors, is NP-hard.327

At a high level, the proof of Theorem 4.2 proceeds by a reduction from the following NP-complete328

problem, which we denote by X3C3 (see, e.g., Garey and Johnson, 2002).329

Exact 3-cover with multiplicity 3 (X3C3):
Input: a set U = {u1, . . . , um} and a collection C = {C1, . . . , Cd} of 3-element subsets of
U such that every element ur ∈ U belongs to exactly three sets, and m is a multiple of 3.
Question: does there exist an exact cover of U?

330

The problem X3C3 encodes the incidence matrix X ∈ {0, 1}m×d into the observable linear space331

ROW(M). The construction creates two feature blocks X = X1 ⊔ X2, takes the first predictor332

to have partition Πf1 = {X1,X2}, and for each set Cj introduces a two-cell predictor built from333

Rj = {vj} ∪ {wr : ur ∈ Cj}. As a result, by Lemma 4.1 and Corollary 3.4, a strict deterministic334

improvement of f1 is equivalent to splitting one of the two cells X1 or X2 by a nonempty proper335

observable subset S, namely a subset satisfying 1S ∈ ROW(M). The key structural step is then336

to characterize exactly when such subsets exist: Lemma D.2 shows that X2 admits no nontrivial337

observable subset, while Lemma D.1 shows that for S ⊆ X1 with indicator vector z ∈ {0, 1}d, the338

condition 1S ∈ ROW(M) is equivalent to Xz = β1m for some scalar β. The four possible values339

β ∈ {0, 1, 2, 3} then separate the two trivial cases from the two exact-cover cases, and Lemma D.3340

packages this into the equivalence between an exact cover of the X3C3 instance, the existence of341

some constructible predictor g ∈ GDET with g ≻ f1, and the existence of an undominated one342

g⋆ ∈ GDET
≻ with g⋆ ≻ f1. The missing proofs and algorithms are deferred to Section D.343

4.2 Efficient Algorithm for Solving PREDICTORREFINE with k = 2344

In this subsection, we show that there exists a polynomial-time algorithm that can solve the deter-345

ministic version of problem PREDICTORREFINE when k = 2.346

Theorem 4.4. Assume k = 2. Then there exists a polynomial-time algorithm (Algorithms 1 and 2)347

that solves the deterministic version of PREDICTORREFINE.348

We write Πf1 = {A1,ℓ}ℓ∈[m1],Πf2 = {A2,r}r∈[m2] for the signal partitions of the two deterministic349

input predictors f1 and f2. By Remark 3.5, the rows of the signal-feature matrix M are exactly the350

indicator vectors 1A1,ℓ
for ℓ ∈ [m1] and 1A2,r

for r ∈ [m2]. For notational simplicity, for every input351

signal cell A ∈ Πf1 ∪Πf2 , define its observable cell label mass by L(A) ≜ Y (1A) = µ(1A)λ(1A)352

which is determined by the observed input predictor and the feature distribution.353

Define the overlap graph G as the bipartite graph with vertex set I(G) ≜ Πf1 ⊔ Πf2 and with an354

edge between A1,ℓ and A2,r iff A1,ℓ ∩ A2,r ̸= ∅ (see Figure 1a for an illustration). At a high level,355

the proof of Theorem 4.4 exploits the fact that when k = 2, the observable structure inside a fixed356

input cell A is completely controlled by the overlap graph G between the signal partitions Πf1 and357

Πf2 . For each cell A on one side, we remove the vertex A from the overlap graph G and use the358

connected components K of G − A to decompose the cell A into its K-branches AK (see Fig-359

ure 1b for an illustration). Lemma E.1 shows that these branch pieces are exactly the right atomic360

objects for refinement: part (i) shows that they partition the cell A, part (ii) shows that each AK361

is observable and that its label mass can be computed from the observable cell label masses L(·),362

and part (iii) shows that every observable subset S ⊆ A must be a union of such branch pieces.363
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A1

A2

A3

B1

B2

B3

{x1, x2, x3, x4}

{x5}

{x6}

{x1, x5}

{x2, x3}

{x4, x6}

(a) Original overlap graph G (edge iff the two cells
intersect).

A1

A2 B1

B2

A3 B3

K1 = {A2, B1}

K2 = {B2}

K3 = {A3, B3}

(b) Connected components of G−A1.

Figure 1: Illustration of Algorithm 1. In this example, the two deterministic predictors f1 and f2
induce signal partitions over the feature set. We write each signal cell by the feature indices it
contains: Πf1 = {A1, A2, A3}, where A1 = {x1, x2, x3, x4}, A2 = {x5}, and A3 = {x6}; and
Πf2 = {B1, B2, B3}, where B1 = {x1, x5}, B2 = {x2, x3}, and B3 = {x4, x6}. Figure 1a
shows the overlap graph G, whose vertices are the signal cells of f1 and f2, and where an edge
indicates a nonempty intersection between two signal cells. The cell A1 is an articulation vertex.
Figure 1b shows that G − A1 has three connected components: K1 = {A2, B1}, K2 = {B2},
and K3 = {A3, B3}. By Algorithm 1, the cell A1 is therefore split into the branch pieces AK1

1 =

A1 ∩ B1 = {x1}, AK2
1 = A1 ∩ B2 = {x2, x3}, and AK3

1 = A1 ∩ B3 = {x4}. The remaining
signal cells A2 = {x5} and A3 = {x6} are unchanged. Hence the finest constructible deterministic
refinement of f1 is Π̂1 =

{
{x1}, {x2, x3}, {x4}, {x5}, {x6}

}
.

Consequently, if we refine every cell A ∈ Πfj into all of its branch pieces, we obtain a canoni-364

cal partition, which we denote by Π̂j , which is the finest constructible deterministic refinement of365

Πfj . Lemma 4.1 then converts this structural statement into the desired dominance conclusion: if366

Π̂j ̸= Πfj , the associated predictor g⋆j strictly informationally-dominates fj ; if Π̂j = Πfj , then no367

constructible deterministic predictor can strictly informationally-dominate fj . Algorithms 1 and 2368

simply implement this canonical refinement and test which of these two cases occurs (see Figure 1369

for an example and illustration). We defer the missing proofs and algorithms to Section E.370

5 Efficient Algorithms for Randomized Predictors371

In this section, we show that once randomized outputs are allowed, the problem PREDICTORREFINE372

becomes polynomial-time solvable. For complexity statements, we assume that all entries of λ, all373

entries of the input signal vectors, and all input predictions are rational numbers encoded in binary.374

Theorem 5.1. There exists an algorithm (see Algorithm 5) that runs in time polynomial in the input375

size and solves PREDICTORREFINE.376

At a high level, Algorithm 5 works by refining each input reduced bag V(fj) = {vj,ℓ}ℓ∈[mj ] into377

a finer bag of constructible signal vectors that still sums to the same row. The key geometric ob-378

servation is that all constructible signal vectors lie in the same cone M, which we refer to as the379

constructible signal cone, and that the atomic directions of this cone are its extreme rays:380

M ≜ ROW(M) ∩ Rn
+ .

Starting from an input row vj,ℓ ∈ M \ {0}, the algorithm repeatedly decomposes vj,ℓ into finer381

vectors in M until every remaining piece lies on an extreme ray of M. Such a refinement can382

only increase information, because one can always forget the finer signal and map each refined383

piece back to its parent signal through a feature-independent garbling. The geometric part of the384

argument is carried out in Lemmas F.1 to F.3, which show that extreme-ray pieces can be found via385

support-minimality and obtained in polynomial time through linear-feasibility tests. The final step is386

Lemma F.4: once every row of a reduced bag lies on an extreme ray ofM, the resulting constructible387

predictor already belongs to G≻. Consequently, for each input predictor fj , the algorithm either388

leaves V(fj) unchanged, which certifies that fj ∈ G≻, or produces a strict extreme-ray refinement,389

which yields a constructible predictor gj ∈ G≻ with gj ≻ fj . We defer the missing proofs to390

Section F.391

9
Confidential reviewer copy. This manuscript is submitted to the 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Unauthorized

sharing, redistribution, or disclosure is strictly prohibited.



References392

János Aczél and Carl Wagner. A characterization of weighted arithmetic means. SIAM Journal on393

Algebraic Discrete Methods, 1(3):259–260, September 1980.394

Rui Ai, Yuqi Pan, David Simchi-Levi, Milind Tambe, and Haifeng Xu. Beyond majority voting:395

LLM aggregation by leveraging higher-order information. arXiv preprint arXiv:2510.01499,396

2025.397

Itai Arieli, Yakov Babichenko, and Rann Smorodinsky. Robust forecast aggregation. Proceedings398

of the National Academy of Sciences, 115(52):E12135–E12143, December 2018.399

John M Bates and Clive WJ Granger. The combination of forecasts. Journal of the operational400

research society, 20(4):451–468, 1969.401

Rishi Bommasani, Drew A Hudson, Ehsan Adeli, Russ Altman, Simran Arora, Sydney von Arx,402

Michael S Bernstein, Jeannette Bohg, Antoine Bosselut, Emma Brunskill, et al. On the opportu-403

nities and risks of foundation models. arXiv preprint arXiv:2108.07258, 2021.404

Robert F. Bordley. A multiplicative formula for aggregating probability assessments. Management405

Science, 28(10):1137–1148, October 1982.406

Felix Brandt, Vincent Conitzer, Ulle Endriss, Jérôme Lang, and Ariel D Procaccia. Handbook of407

computational social choice. Cambridge University Press, 2016.408

Leo Breiman. Bagging predictors. Machine learning, 24(2):123–140, 1996.409

Leo Breiman. Random forests. Machine learning, 45(1):5–32, 2001.410

Nicolo Cesa-Bianchi and Gábor Lugosi. Prediction, learning, and games. Cambridge university411

press, 2006.412

Robert T Clemen. Combining forecasts: A review and annotated bibliography. International journal413

of forecasting, 5(4):559–583, 1989.414

Damai Dai, Chengqi Deng, Chenggang Zhao, RX Xu, Huazuo Gao, Deli Chen, Jiashi Li, Wangding415

Zeng, Xingkai Yu, Yu Wu, et al. Deepseekmoe: Towards ultimate expert specialization in mixture-416

of-experts language models. In Proceedings of the 62nd Annual Meeting of the Association for417

Computational Linguistics (Volume 1: Long Papers), pages 1280–1297, 2024.418

A Philip Dawid. The well-calibrated bayesian. Journal of the American statistical Association, 77419

(379):605–610, 1982.420

Henrique De Oliveira, Yuhta Ishii, and Xiao Lin. Robust merging of information. In Proceedings of421

the 22nd ACM Conference on Economics and Computation, EC ’21, pages 341–342, New York,422

NY, USA, 2021. ACM.423

Morris H DeGroot and Stephen E Fienberg. The comparison and evaluation of forecasters. Journal424

of the Royal Statistical Society: Series D (The Statistician), 32(1-2):12–22, 1983.425

Franz Dietrich and Christian List. Probabilistic opinion pooling. In Alan Hájek and Christopher426

Hitchcock, editors, The Oxford Handbook of Probability and Philosophy, pages 519–542. Oxford427

University Press, Oxford, UK, 2016.428

Thomas G Dietterich. Ensemble methods in machine learning. In International workshop on multi-429

ple classifier systems, pages 1–15. Springer, 2000.430

Philip Ernst, Robin Pemantle, Ville Satopää, and Lyle Ungar. Bayesian aggregation of two forecasts431

in the partial information framework. Statistics & Probability Letters, 119:170–180, December432

2016.433

Dean P Foster and Rakesh V Vohra. Calibrated learning and correlated equilibrium. Games and434

Economic Behavior, 21(589):40–55, 1997.435

Yoav Freund. Boosting a weak learning algorithm by majority. Information and computation, 121436

(2):256–285, 1995.437

10
Confidential reviewer copy. This manuscript is submitted to the 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Unauthorized

sharing, redistribution, or disclosure is strictly prohibited.



Yoav Freund and Robert E Schapire. A decision-theoretic generalization of on-line learning and an438

application to boosting. Journal of computer and system sciences, 55(1):119–139, 1997.439

Jerome Friedman, Trevor Hastie, and Robert Tibshirani. Additive logistic regression: a statistical440

view of boosting (with discussion and a rejoinder by the authors). The annals of statistics, 28(2):441

337–407, 2000.442

Rafael Frongillo, Yiling Chen, and Ian Kash. Elicitation for aggregation. In Proceedings of the 29th443

AAAI Conference on Artificial Intelligence, volume 29 of AAAI ’15, Austin, Texas, 2015. AAAI444

Press.445

Rafael Frongillo, Mary Monroe, Eric Neyman, and Bo Waggoner. Robust forecast aggregation via446

additional queries. arXiv preprint arXiv:2512.05271, 2025.447

Michael R Garey and David S Johnson. Computers and intractability, volume 29. wh freeman New448

York, 2002.449

Christian Genest. A characterization theorem for externally Bayesian groups. The Annals of Statis-450

tics, 12(3):1100–1105, September 1984.451

Tilmann Gneiting, Fadoua Balabdaoui, and Adrian E Raftery. Probabilistic forecasts, calibration452

and sharpness. Journal of the Royal Statistical Society Series B: Statistical Methodology, 69(2):453

243–268, 2007.454

Google Ads Help. About expected click-through rate in google ads. Google Ads Help. URL455

https://support.google.com/sa360/answer/9351019. Accessed: May 2, 2026.456

Google Cloud. Get online inferences from a custom trained model. https://docs.cloud.457

google.com/vertex-ai/docs/predictions/get-online-predictions. Accessed: May458

2, 2026.459

Yongkang Guo and Yuqing Kong. Robust aggregation with adversarial experts. In Proceedings of460

the ACM Web Conference 2025, WWW ’25. ACM, 2025.461

Yongkang Guo, Jason D. Hartline, Zhihuan Huang, Yuqing Kong, Anant Shah, and Fang-Yi Yu. Al-462

gorithmic robust forecast aggregation. In Proceedings of the 26th ACM Conference on Economics463

and Computation, EC ’25, New York, NY, USA, 2025. ACM.464

Xinran He, Junfeng Pan, Ou Jin, Tianbing Xu, Bo Liu, Tao Xu, Yanxin Shi, Antoine Atallah, Ralf465

Herbrich, Stuart Bowers, et al. Practical lessons from predicting clicks on ads at facebook. In466

Proceedings of the eighth international workshop on data mining for online advertising, pages467

1–9, 2014.468

Robert A Jacobs, Michael I Jordan, Steven J Nowlan, and Geoffrey E Hinton. Adaptive mixtures of469

local experts. Neural computation, 3(1):79–87, 1991.470

Yuqing Kong, Shu Wang, and Ying Wang. The surprising benefits of base rate neglect in robust471

aggregation. In Proceedings of the 25th ACM Conference on Economics and Computation, EC472

’24, pages 1131–1131, New York, NY, USA, 2024. ACM.473

Gilat Levy and Ronny Razin. Combining forecasts in the presence of ambiguity over correlation474

structures. Journal of Economic Theory, 199:105075, January 2022.475

Nick Littlestone and Manfred K Warmuth. The weighted majority algorithm. Information and476

computation, 108(2):212–261, 1994.477

Aixin Liu, Bei Feng, Bing Xue, Bingxuan Wang, Bochao Wu, Chengda Lu, Chenggang Zhao,478

Chengqi Deng, Chenyu Zhang, Chong Ruan, et al. Deepseek-v3 technical report. arXiv preprint479

arXiv:2412.19437, 2024.480

H Brendan McMahan, Gary Holt, David Sculley, Michael Young, Dietmar Ebner, Julian Grady, Lan481

Nie, Todd Phillips, Eugene Davydov, Daniel Golovin, et al. Ad click prediction: a view from482

the trenches. In Proceedings of the 19th ACM SIGKDD international conference on Knowledge483

discovery and data mining, pages 1222–1230, 2013.484

11
Confidential reviewer copy. This manuscript is submitted to the 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Unauthorized

sharing, redistribution, or disclosure is strictly prohibited.

https://support.google.com/sa360/answer/9351019
https://docs.cloud.google.com/vertex-ai/docs/predictions/get-online-predictions
https://docs.cloud.google.com/vertex-ai/docs/predictions/get-online-predictions
https://docs.cloud.google.com/vertex-ai/docs/predictions/get-online-predictions


Eric Neyman and Tim Roughgarden. Are you smarter than a random expert? The robust aggre-485

gation of substitutable signals. In Proceedings of the 23rd ACM Conference on Economics and486

Computation, EC ’22, pages 990–1012, New York, NY, USA, 2022. ACM.487

Asa B. Palley and Jack B. Soll. Extracting the wisdom of crowds when information is shared.488

Management Science, 65(5):2291–2309, May 2019.489

Deng Pan, Zehong Chen, and Yuqing Kong. Robust decision aggregation with second-order infor-490

mation. In Proceedings of the ACM Web Conference 2024, WWW ’24, pages 390–400, New491

York, NY, USA, 2024. ACM.492

Drazen Prelec. A Bayesian truth serum for subjective data. Science, 306(5695):462–466, October493

2004. doi: 10.1126/science.1102081.494

Dražen Prelec, H. Sebastian Seung, and John McCoy. A solution to the single-question crowd495

wisdom problem. Nature, 541(7638):532–535, January 2017.496

Roopesh Ranjan and Tilmann Gneiting. Combining probability forecasts. Journal of the Royal497

Statistical Society Series B: Statistical Methodology, 72(1):71–91, 2010.498

Vikas C Raykar, Shipeng Yu, Linda H Zhao, Gerardo Hermosillo Valadez, Charles Florin, Luca499

Bogoni, and Linda Moy. Learning from crowds. Journal of machine learning research, 11(4),500

2010.501

Ville A. Satopää, Jonathan Baron, Dean P. Foster, Barbara A. Mellers, Philip E. Tetlock, and Lyle H.502

Ungar. Combining multiple probability predictions using a simple logit model. International503

Journal of Forecasting, 30(2):344–356, April 2014.504

Ville A. Satopää, Robin Pemantle, and Lyle H. Ungar. Modeling probability forecasts via informa-505

tion diversity. Journal of the American Statistical Association, 111(516):1623–1633, December506

2016.507

Robert E Schapire. The strength of weak learnability. Machine learning, 5(2):197–227, 1990.508

Mervyn Stone. The opinion pool. The Annals of Mathematical Statistics, pages 1339–1342, 1961.509

Florian Tramèr, Fan Zhang, Ari Juels, Michael K Reiter, and Thomas Ristenpart. Stealing machine510

learning models via prediction {APIs}. In 25th USENIX security symposium (USENIX Security511

16), pages 601–618, 2016.512

Juntao Wang, Yang Liu, and Yiling Chen. Forecast aggregation via peer prediction. In Proceedings513

of the 9th AAAI Conference on Human Computation and Crowdsourcing, volume 9 of HCOMP514

’21, pages 131–142. AAAI Press, 2021.515

Tom Wilkening, Marcellin Martinie, and Piers D. L. Howe. Hidden experts in the crowd: Using516

meta-predictions to leverage expertise in single-question prediction problems. Management Sci-517

ence, 68(1):487–508, January 2022. doi: 10.1287/mnsc.2020.3934.518

David H Wolpert. Stacked generalization. Neural networks, 5(2):241–259, 1992.519

12
Confidential reviewer copy. This manuscript is submitted to the 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Unauthorized

sharing, redistribution, or disclosure is strictly prohibited.



A Missing Example in Section 1520

Consider the two predictors in our first introductory example (in their abstract forms): f1 :521

{{A,B} 7→ Signal 1, {C} 7→ Signal 2}, f2 : {{A} 7→ Signal 3, {B,C} 7→ Signal 4}. We al-522

ready know that the conditional mean on all 3 feature vectors can be uniquely determined from f1523

and f2. To formalize this fact, we write both input predictors as bags of vectors. For f1, we write524

(1, 1, 0) for Signal 1, because the corresponding subset contains A (“Feature 1”) and B (“Feature525

2”), but not C (“Feature 3”); similarly, we write (0, 0, 1) for Signal 2. Accordingly, f1 is represented526

by the associated bag of vectors V(f1) = {(1, 1, 0), (0, 0, 1)}, where each vector corresponds to527

one prediction, and the sum of all vectors is the all-one vector. Similarly, f2 is represented by528

V(f2) = {(1, 0, 0), (0, 1, 1)}. Note that a predictor, modulo permutations of the signals (which is529

immaterial), corresponds bijectively to its bag-of-vectors representation.530

As before, assume that the 3 features are equally frequent in the population (which is in fact without531

loss of generality). Now, to see why the conditional expectations on all features (and in particular,532

on feature B) are uniquely determined, simply observe that they can be pinned down by solving the533

following (overdetermined but guaranteed to be consistent) linear system:534

(1, 1, 0) · p = ∥(1, 1, 0)∥1 · p1
(0, 0, 1) · p = ∥(0, 0, 1)∥1 · p2
(1, 0, 0) · p = ∥(1, 0, 0)∥1 · p3
(0, 1, 1) · p = ∥(0, 1, 1)∥1 · p4,

where p = (pA, pB , pC)
⊤ is the conditional expectations on individual features, and p1, . . . , p4 are535

the conditional expectations corresponding to the predictions (Signal 1, . . . , Signal 4). The first536

two equations correspond to V(f1), and the last two correspond to V(f2). pB in particular can be537

uniquely determined, because the vector (0, 1, 0) is in the linear span of V(f1)∪V(f2). Accordingly,538

the predictor g : {{A} 7→ Signal 5, {B} 7→ Signal 6, {C} 7→ Signal 7} is constructible, because all539

3 vectors corresponding to the 3 predictions, (1, 0, 0), (0, 1, 0), and (0, 0, 1), are in the span of540

V(f1) ∪ V(f2). Note that in the above reasoning, the specific values of p1, . . . , p4 are entirely541

irrelevant, which is also why we abstract them away in our definition of predictors.542

B Further Related Work543

Prediction aggregation, or forecast aggregation, and closely related formulations have been studied544

across several communities, including machine learning, statistics, economics, and theoretical com-545

puter science. Early foundational work includes opinion pooling and forecast combination (Stone,546

1961; Bates and Granger, 1969), as well as classical reviews of forecast combination (Clemen,547

1989). The broader literature has since developed along different methodological directions.548

In machine learning, aggregation is often studied through ensemble methods, where multiple predic-549

tors/classifiers are combined to improve predictive performance. Classical examples include stack-550

ing, bagging, boosting, and random forests (Wolpert, 1992; Breiman, 1996; Schapire, 1990; Freund,551

1995; Freund and Schapire, 1997; Friedman et al., 2000; Breiman, 2001; Dietterich, 2000). A related552

online-learning perspective studies prediction with expert advice, where multiplicative-weights-type553

algorithms combine experts’ predictions while achieving low regret relative to the best fixed expert554

(Littlestone and Warmuth, 1994; Cesa-Bianchi and Lugosi, 2006).555

In statistics, forecast aggregation has been studied both axiomatically and probabilistically. The556

axiomatic literature imposes desiderata on aggregation rules, such as unanimity preservation and557

variants of independence, and characterizes rules such as linear or externally Bayesian pooling under558

corresponding assumptions (Aczél and Wagner, 1980; Genest, 1984; Dietrich and List, 2016). The559

probabilistic and Bayesian literature instead models how forecasts are generated from underlying560

signals and then derives aggregation rules by Bayesian updating or parametric estimation; see, for561

example, Satopää et al. (2014); Frongillo et al. (2015); Ernst et al. (2016); Satopää et al. (2016);562

Ranjan and Gneiting (2010).563

A common feature of much of this literature is that the reported forecasts are interpreted as proba-564

bilistic beliefs induced by the forecasters’ information (Bordley, 1982; Gneiting et al., 2007; Satopää565

et al., 2016; Arieli et al., 2018; Guo et al., 2025). Under this interpretation, a forecast is calibrated566
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with respect to the forecaster’s signal: it represents the posterior mean of the target conditional on567

the information available to that forecaster. Our focus on calibrated predictors is therefore aligned568

with this standard informational view of forecasts.569

In economics and theoretical computer science, a recent line of work takes a robust perspective570

and asks for aggregators that perform well across large classes of possible information structures,571

especially when the correlation structure among experts’ signals is unknown or misspecified (Arieli572

et al., 2018; De Oliveira et al., 2021; Levy and Razin, 2022; Neyman and Roughgarden, 2022; Kong573

et al., 2024; Guo et al., 2025; Guo and Kong, 2025; Frongillo et al., 2025). A complementary strand574

leverages second-order or higher-order information, such as agents’ beliefs about others’ answers,575

to improve aggregation in finite populations (Prelec, 2004; Prelec et al., 2017; Palley and Soll, 2019;576

Wang et al., 2021; Wilkening et al., 2022; Pan et al., 2024; Ai et al., 2025).577

Our work differs from these lines in both its objective and its information constraint. Rather than578

designing a rule that maps several reported forecasts into a single aggregate forecast, or evaluating579

such a rule under a loss or regret criterion, we study when and how calibrated predictors can be580

refined using only the observable information contained in the input predictors, without access to the581

underlying Bayes probabilities. This leads to a distinct constructibility problem: the goal is to move582

from numerical aggregation to information refinement, and to characterize and compute maximally583

informative constructible refinements under an information-theoretic dominance relation.584

C Missing Proofs in Section 3585

Proof of Lemma 3.1. We write the signal spaces Σf = [mf ] and Σg = [mg], and let V(f) =586

{vf,ℓ}ℓ∈[mf ] and V(g) = {vg,r}r∈[mg ] be the corresponding reduced bags.587

Assume first that f ≻ g in the sense of Definition 2.1. Then there exists a stochastic kernel H :588

Σf → ∆(Σg) such that589

Tg(r | xi) =
∑

ℓ∈[mf ]
H(r | ℓ)Tf (ℓ | xi) for all i ∈ [n], r ∈ [mg] .

Define the matrix H with the entry Hℓ,r ≜ H(r | ℓ). Then H = (Hℓ,r) is row-stochastic, and for590

every r ∈ [mg] and i ∈ [n],591

vg,r(i) = Tg(r | xi) =
∑

ℓ∈[mf ]
Hℓ,r Tf (ℓ | xi) =

∑
ℓ∈[mf ]

Hℓ,r vf,ℓ(i) .

Thus, the first condition in Definition 3.3 holds. The second condition is translated identically. Thus592

f ≻ g also holds in bag form.593

Conversely, suppose Definition 3.3 holds. Define a stochastic kernel H : Σf → ∆(Σg) by H(r |594

ℓ) ≜ Hℓ,r. Then, for every i ∈ [n] and r ∈ [mg],595

Tg(r | xi) = vg,r(i) =
∑

ℓ∈[mf ]
Hℓ,r vf,ℓ(i) =

∑
ℓ∈[mf ]

H(r | ℓ)Tf (ℓ | xi) .

So g is obtained from f by a feature-independent garbling. Again, the nonexistence of a reverse row-596

stochastic matrix is exactly the nonexistence of a reverse garbling kernel. Thus, the two definitions597

are equivalent.598

Proof of Proposition 3.2. Assume first that v ∈ ROW(M). Then v = M⊤α for some α ∈ RN , and599

therefore600

Y (v) = v⊤y = α⊤My = α⊤b ,

which is determined by b.601

Conversely, suppose v /∈ ROW(M). Since ROW(M) = (kerM)⊥, there exists z ∈ kerM such602

that v⊤z ̸= 0. Fix any y0 ∈ Rn satisfying My0 = b. Then, for every scalar β ∈ R,603

M(y0 + βz) = My0 + βMz = b .

Thus, y0 and y0 + βz yield the same observation b. However,604

v⊤(y0 + βz) = v⊤y0 + β v⊤z

depends non-trivially on β because v⊤z ̸= 0. Thus Y (v) is not uniquely determined by b.605
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Proof of Corollary 3.3. Apply Proposition 3.2 to the vector 1S .606

Proof of Corollary 3.4. If predictor g is deterministic, then each feature produces exactly one signal607

with probability one. Thus, the reduced bag of predictor g is608

V(g) = {1A1
, . . . ,1Amg

} ,

where Πg = {A1, . . . , Amg
} is a partition of [n]. Thus, Definition 3.7 is equivalent to the condition609

that 1Ar
∈ ROW(M) for every r ∈ [mg], and the attached prediction is µ(1Ar

).610

D Missing Proofs in Section 4.1611

Proof of Lemma 4.1. Suppose first that g ≻ h. By Definition 2.1, there exists a feature-independent612

garbling from predictor g to predictor h.613

Fix any signal cell A ∈ Πg . If two features xi, xi′ ∈ A, then they induce the same signal of g.614

After passing through the same feature-independent garbling kernel, they therefore induce the same615

distribution over signals of h. Since h is deterministic, each of xi and xi′ induces a point mass on a616

single signal of h. Thus, these point masses must coincide, so xi and xi′ lie in the same signal cell617

of h. Therefore every cell of Πg is contained in a cell of Πh, and thus Πg refines Πh.618

We next show that the refinement is strict. If the signal partition Πh also refined Πg , then apply-619

ing the same argument with the roles of g and h reversed would imply that there exists a feature-620

independent garbling from h to g, contradicting the strictness in Definition 2.1. Thus, Πh does not621

refine Πg , and therefore Πg strictly refines Πh.622

Conversely, suppose that Πg strictly refines Πh. Then every cell of Πg is contained in a unique cell of623

Πh. Define a feature-independent garbling from g to h by mapping each signal of g deterministically624

to the signal of h corresponding to that containing cell. This yields a feature-independent garbling625

from g to h.626

It remains to show that there is no feature-independent garbling from h to g. If such a garbling627

existed, then by the first part of the proof, every cell of Πh would be contained in a cell of Πg; that628

is, Πh would refine Πg . This contradicts the assumption that Πg strictly refines Πh. Thus, we have629

g ≻ h.630

Proof of Theorem 4.2. Let X ∈ {0, 1}m×d be the incidence matrix of the X3C3 instance, where631

Xr,j = 1 if and only if ur ∈ Cj . Since every column and every row of X has sum 3, double-632

counting incidences gives633 ∑
r∈[m]

∑
j∈[d]

Xr,j = 3d = 3m,

and hence d = m.634

Feature distribution and initial predictors. We construct an instance of IFREFINABLE as follows.635

Create n = d+m = 2m features and partition the feature space into two blocks636

X = X1 ⊔ X2, X1 ≜ {v1, . . . , vd}, X2 ≜ {w1, . . . , wm}.

Let the feature distribution be uniform: λi = 1/n for every i ∈ [n]. We define k = d + 1 = m + 1637

deterministic input predictors (fj)j∈[k].638

• Predictor f1 has signal partition Πf1 = {X1,X2}, and predicts µ(1A) on each signal cell A ∈639

Πf1 .640

• For each j ∈ [d], let Rj ≜ {vj} ∪ {wr : ur ∈ Cj }, and let the predictor fj+1 have signal641

partition Πfj+1 = {Rj , R
c
j} and predict µ(1A) on each signal cell A ∈ Πfj+1 .642

Finally, enumerate the n features arbitrarily as x1, . . . , xn, and let qi ← (n + 1)−i be the Bayes643

probability for the i-th feature.644

Row-space description. Let M be the signal-feature matrix from Definition 3.4 for the constructed645

input predictors. Since all input predictors are deterministic, Remark 3.5 implies that the rows of M646
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are exactly the indicator vectors of the initial signal cells. Because each signal partition Πfj+1 has647

signal cells Rj and Rc
j , and 1Rc

j
= 1X1 + 1X2 − 1Rj , we obtain648

ROW(M) = SPAN {1X1
,1X2

,1R1
, . . . ,1Rd

} . (1)

We now characterize the observable subsets inside X1 and X2.649

Lemma D.1. Let S ⊆ X1, and let z ∈ {0, 1}d be the indicator vector of S, namely zj = 1 if and650

only if vj ∈ S. Then we have 1S ∈ ROW(M) if and only if Xz = β1m for some scalar β ∈ R.651

Proof. Assume first that 1S ∈ ROW(M). By Eqn. (1), there exist scalars a, b, α1, . . . , αd such that652

1S = a1X1
+ b1X2

+
∑

j∈[d]
αj1Rj

. (2)

Evaluating Eqn. (2) at the feature vj gives653

zj = a+ αj , so αj = zj − a . (3)

Now evaluate Eqn. (2) at the feature wr. Since wr /∈ X1, wr ∈ X2, and wr ∈ Rj if and only if654

ur ∈ Cj , we obtain655

0 = b+
∑

j∈[d]
Xr,jαj .

Substituting Eqn. (3) yields656

0 = b+
∑

j∈[d]
Xr,j(zj − a) = b+ (Xz)r − a

∑
j∈[d]

Xr,j .

Each row of X has sum 3, so (Xz)r = 3a− b for every r ∈ [m]. Hence Xz = (3a− b)1m.657

Conversely, suppose that Xz = β1m for some scalar β ∈ R. Then658 ∑
j∈[d]

zj1Rj
− β1X2

∈ ROW(M) .

At the coordinate corresponding to vj , this vector equals zj . At the coordinate corresponding to wr,659

it equals (Xz)r − β = 0. Thus the vector is exactly 1S , so 1S ∈ ROW(M).660

Lemma D.2. If S ⊆ X2 and 1S ∈ ROW(M), then either S = ∅ or S = X2.661

Proof. We write662

1S = a1X1
+ b1X2

+
∑

j∈[d]
αj1Rj

(4)

for some scalars a, b, α1, . . . , αd. Evaluating Eqn. (4) at vj yields 0 = a + αj for every j, because663

S ⊆ X2. Thus αj = −a for every j. Evaluating Eqn. (4) at wr then gives664

(1S)wr
= b+

∑
j∈[d]

Xr,jαj = b− a
∑

j∈[d]
Xr,j = b− 3a .

Thus, every coordinate of 1S on X2 has the same value. Since 1S is a {0, 1}-vector, either all these665

coordinates are 0 or all are 1. Therefore S = ∅ or S = X2.666

Lemma D.3. The following statements are equivalent:667

1. the X3C3 instance admits an exact cover;668

2. there exists a predictor g ∈ GDET such that g ≻ f1;669

3. there exists a predictor g⋆ ∈ GDET
≻ such that g⋆ ≻ f1.670

Proof. We first prove the equivalence between (1) and (2).671

Suppose that there exists a predictor g ∈ GDET such that g ≻ f1. By the deterministic special case of672

dominance, the signal partition Πg strictly refines Πf1 = {X1,X2}. Therefore at least one of the two673

cells X1 or X2 contains a nonempty proper subset that is a signal cell of g. Because g ∈ GDET, every674
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signal cell of g is observable by Corollary 3.4. Thus at least one of X1 or X2 contains a nonempty675

proper observable subset.676

Conversely, suppose that one of the two cells in Πf1 contains a nonempty proper observable subset.677

That is, suppose there exist A ∈ {X1,X2} and a nonempty proper subset S ⊊ A such that 1S ∈678

ROW(M). Since A is itself a signal cell of f1, we also have 1A ∈ ROW(M). Thus, we have679

1A\S = 1A − 1S ∈ ROW(M) .

Thus the partition obtained from {X1,X2} by replacing A with the two cells S and A \ S has all680

signal-cell indicators in ROW(M). By Corollary 3.4, this partition defines a predictor g ∈ GDET. Its681

signal partition strictly refines Πf1 , so the deterministic special case of dominance implies g ≻ f1.682

We have shown that statement (2) is equivalent to the existence of a nonempty proper observable683

subset inside X1 or X2. By Lemma D.2, the cell X2 has no nonempty proper observable subset.684

Therefore statement (2) holds if and only if there exists a nonempty proper subset S ⊊ X1 such that685

1S ∈ ROW(M).686

Now apply Lemma D.1. Statement (2) is equivalent to the existence of a vector z ∈ {0, 1}d that is687

neither 0 nor 1d and satisfies Xz = β1m for some scalar β ∈ R. Because each row of X has exactly688

three 1’s and z ∈ {0, 1}d, every entry of Xz belongs to {0, 1, 2, 3}. Thus, we have β ∈ {0, 1, 2, 3}.689

We now analyze the following four cases.690

• Case β = 0. Then Xz = 0. Multiplying on the left by 1⊤
m gives691

0 = 1⊤
mXz = 31⊤

d z ,

because every column of X has sum 3. Hence 1⊤
d z = 0, so z = 0, contradicting the fact that S is692

nonempty.693

• Case β = 3. Then Xz = 31m. Multiplying on the left by 1⊤
m gives694

3m = 1⊤
mXz = 31⊤

d z .

Since d = m, we obtain 1⊤
d z = d. As z ∈ {0, 1}d, this implies z = 1d, contradicting the fact695

that S is a proper subset of X1.696

• Case β = 1. Then Xz = 1m. Equivalently, every element of U belongs to exactly one selected697

set. Hence the selected family {Cj : zj = 1} is an exact cover of U .698

• Case β = 2. Then699

X(1d − z) = X1d −Xz = 31m − 21m = 1m .

Thus, the complementary family {Cj : zj = 0} is an exact cover of U .700

We have thus shown that (1) and (2) are equivalent.701

It remains to prove the equivalence between (2) and (3). The implication (3) ⇒ (2) is immediate.702

For the converse, assume that there exists g ∈ GDET such that g ≻ f1. Define703

GDET
g ≜ {h ∈ GDET : Πh refines Πg} .

By Corollary 3.4, every predictor in GDET is uniquely determined by its signal partition, and there are704

only finitely many set partitions of [n]. Hence GDET
g is finite. Choose g⋆ ∈ GDET

g with the maximum705

possible number of signal cells.706

We claim that g⋆ ∈ GDET
≻ . If not, there exists some h ∈ GDET such that h ≻ g⋆. By the deterministic707

special case of dominance, Πh strictly refines Πg⋆ . Since Πg⋆ refines Πg , it follows that Πh also708

refines Πg , so h ∈ GDET
g . But strict refinement increases the number of signal cells, contradicting the709

maximal choice of g⋆. Thus g⋆ ∈ GDET
≻ .710

Finally, since Πg⋆ refines Πg and Πg strictly refines Πf1 , the partition Πg⋆ also strictly refines711

Πf1 . Thus, again by the deterministic special case of dominance, we have g⋆ ≻ f1. This proves712

(2)⇒ (3), and completes the proof.713

It remains to verify that the reduction has polynomial output size. The combinatorial part is imme-714

diate: n = d + m = 2m, k = d + 1 = m + 1, and every input predictor has exactly two signal715
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cells. It remains to bound the encoding length of the numerical predictions of the input predictors.716

Fix any initial signal cell A. Because λi = 1/n for every i,717

µ(1A) =
Y (1A)

λ(1A)
=

∑
i∈A λiqi∑
i∈A λi

=
1

|A|
∑

i∈A
(n+ 1)−i =

1

|A|(n+ 1)n

∑
i∈A

(n+ 1)n−i .

Thus µ(1A) is a rational number whose numerator and denominator are both at most n(n + 1)n.718

Thus, each such value has bit-length O(n logn). Therefore the whole constructed instance of IFRE-719

FINABLE has polynomial size.720

By Lemma D.3, the X3C3 instance is a YES-instance if and only if the constructed instance of721

IFREFINABLE is a YES-instance. Therefore X3C3 reduces in polynomial time to IFREFINABLE.722

Since X3C3 is NP-complete, the problem IFREFINABLE is NP-hard.723

Proof of Corollary 4.3. Assume that there exists a polynomial-time algorithm for PREDICTOR-724

REFINE, restricted to deterministic inputs and deterministic outputs. Given an instance of IFRE-725

FINABLE, run this algorithm on the same input and inspect the first output predictor g1. If g1 = f1,726

output NO; otherwise output YES.727

We claim that this procedure is correct. If the answer to IFREFINABLE is YES, then by definition728

there exists some predictor h ∈ GDET
≻ such that h ≻ f1. By the specification of PREDICTORREFINE,729

the algorithm must therefore return a predictor g1 ∈ GDET
≻ such that g1 ≻ f1. In particular, g1 ̸= f1.730

Conversely, if the answer to IFREFINABLE is NO, then there exists no predictor h ∈ GDET
≻ such that731

h ≻ f1. Again by the specification of PREDICTORREFINE, the algorithm must return g1 = f1.732

Thus a polynomial-time algorithm for the deterministic version of PREDICTORREFINE would yield733

a polynomial-time algorithm for IFREFINABLE. Since IFREFINABLE is NP-hard by Theorem 4.2,734

the deterministic version of PREDICTORREFINE is NP-hard under polynomial-time Turing reduc-735

tions.736

E Missing Proofs in Section 4.2737

Lemma E.1 (Branch decomposition of one input cell). Fix a cell A ∈ Πf1 . For each connected738

component K of G−A, define the K-branch of the cell A as follows:739

AK ≜ A ∩
(⋃

A′∈I(K)∩Πf2

A′
)

.

Then the following statements hold.740

(i) The nonempty sets AK form a partition of A.741

(ii) For every connected component K of G−A,742

1AK
=

∑
A′∈I(K)∩Πf2

1A′ −
∑

A†∈I(K)∩Πf1

1A† . (5)

Consequently, 1AK
∈ ROW(M), so AK is observable by Corollary 3.3. Moreover, its observable743

cell label mass is given by744

Y (1AK
) =

∑
A′∈I(K)∩Πf2

L(A′)−
∑

A†∈I(K)∩Πf1

L(A†) . (6)

(iii) If S ⊆ A and 1S ∈ ROW(M), then there exists a subcollection T of the connected components745

of G−A such that S =
⋃

K∈T AK .746

The completely symmetric statements hold after interchanging the roles of Πf1 and Πf2 .747

Proof of Lemma E.1. We prove the three statements in order.748

Proof of statement (i). Fix a cell A ∈ Πf1 . For each feature index i ∈ A, let A2(i) denote the unique749

cell of Πf2 that contains i. Since A2(i) is adjacent to A in G, the vertex A2(i) belongs to a unique750

connected component K of G − A, and then i ∈ AK . Thus the union of the nonempty sets AK is751

all of A.752
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If K1 ̸= K2 are two connected components of G − A, then I(K1) ∩ Πf2 and I(K2) ∩ Πf2 are753

disjoint. Since the cells of Πf2 are pairwise disjoint, the sets AK1 and AK2 are disjoint. Hence the754

nonempty sets AK form a partition of A.755

Proof of statement (ii). Fix a connected component K of G−A. We verify Eqn. (5) coordinatewise.756

Fix a feature index i ∈ [n], and let A1(i) and A2(i) be the unique cells of Πf1 and Πf2 , respectively,757

that contain i. There are four cases.758

• If A1(i) = A and A2(i) ∈ I(K), then the right-hand side of Eqn. (5) equals 1 at coordinate i,759

and by definition i ∈ AK .760

• If A1(i) = A and A2(i) /∈ I(K), then the right-hand side of Eqn. (5) equals 0 at coordinate i,761

and i /∈ AK .762

• If A1(i) ̸= A and A1(i) ∈ I(K), then the edge (A1(i), A2(i)) lies in G − A. Since K is a763

connected component of G− A, this implies A2(i) ∈ I(K) as well. Thus the right-hand side of764

Eqn. (5) equals 1− 1 = 0 at coordinate i. Also i /∈ A, hence i /∈ AK .765

• If A1(i) ̸= A and A1(i) /∈ I(K), then again the edge (A1(i), A2(i)) lies in G − A, so A2(i) /∈766

I(K). Hence the right-hand side of Eqn. (5) equals 0 at coordinate i, and i /∈ AK .767

These cases exhaust all possibilities, so Eqn. (5) holds. Because the right-hand side is a linear768

combination of rows of M, we obtain 1AK
∈ ROW(M). Applying the linear functional Y (·) to769

Eqn. (5) yields Eqn. (6).770

Proof of statement (iii). Assume that S ⊆ A and 1S ∈ ROW(M). By Remark 3.5, the rows of M771

are exactly the vectors 1A′ for A′ ∈ Πf1 ∪ Πf2 . Hence there exist coefficients (αA′)A′∈Πf1
and772

(βA′′)A′′∈Πf2
such that773

1S =
∑

A′∈Πf1

αA′1A′ +
∑

A′′∈Πf2

βA′′1A′′ . (7)

Now let (A†, A′) be any edge of G with A† ̸= A. Every feature in the nonempty intersection A†∩A′774

lies outside A, whereas S ⊆ A. Therefore the left-hand side of Eqn. (7) vanishes on A† ∩A′, and so775

αA† + βA′ = 0 (8)

for every such edge (A†, A′). Fix a connected component K of G−A.776

• Suppose first that I(K) ∩ Πf1 ̸= ∅. Choose any cell A†
0 ∈ I(K) ∩ Πf1 and set cK ≜ αA†

0
. By777

Eqn. (8), every neighbor A′ of A†
0 in K satisfies βA′ = −cK . Applying Eqn. (8) repeatedly along778

paths in the connected component shows that every vertex of I(K) ∩Πf1 has coefficient cK and779

every vertex of I(K) ∩ Πf2 has coefficient −cK . Therefore, for every A′ ∈ I(K) ∩ Πf2 , the780

value of 1S on the whole intersection A ∩A′ is781

αA + βA′ = αA − cK ,

which depends only on K and not on the particular choice of A′. Hence 1S is constant on AK .782

• Suppose next that I(K) ∩ Πf1 = ∅. Since G − A is bipartite, every edge of G − A joins a783

vertex in Πf1 \ {A} to a vertex in Πf2 . Because K contains no vertex of Πf1 , it contains no edge.784

As K is connected, it must therefore consist of a single isolated vertex A0 ∈ Πf2 . In this case,785

AK = A ∩ A0. Fix any feature index i ∈ AK . Since i ∈ A and i ∈ A0, while i belongs to no786

other cell of either partition, Eqn. (7) gives (1S)i = αA + βA0
. Thus, we have 1S is constant on787

AK .788

Thus, in either case, 1S is constant on each branch piece AK . Since 1S is a {0, 1}-vector, each AK789

is either entirely contained in S or entirely disjoint from S. Therefore S is a union of some of the790

sets AK .791
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Algorithm 1: COMPUTEFINESTREFINEMENT(j) for j ∈ {1, 2}
Input: Feature distribution λ = (λi)i∈[n] and deterministic predictors f1, f2.
Output: A constructible deterministic predictor g⋆j ∈ GDET.

1 Construct the signal partitions Πf1 = {A1,ℓ}ℓ∈[m1] and Πf2 = {A2,r}r∈[m2];
2 Construct the overlap graph G with vertex set Πf1 ⊔Πf2 and edge (A1,ℓ, A2,r) iff

A1,ℓ ∩A2,r ̸= ∅;
3 For every input signal cell A ∈ Πf1 ∪Πf2 , compute and store L(A)← µ(1A)λ(1A);
4 Set j† ← 3− j;
5 Initialize Π̂j ← ∅;
6 foreach A ∈ Πfj do
7 Compute the connected components of G−A;
8 foreach connected component K of G−A do

9 C ← A ∩
(⋃

A†∈I(K)∩Πf
j†

A†
)

;

10 if C ̸= ∅ then
11 compute Y (1C)←

∑
A†∈I(K)∩Πf

j†
L(A†)−

∑
A‡∈I(K)∩Πfj

L(A‡);

12 assign the prediction µ(1C)← Y (1C)
λ(1C) ;

13 add the cell C to Π̂j ;

14 return the deterministic predictor g⋆j whose signal partition is Π̂j and whose prediction on each
signal cell C ∈ Π̂j is µ(1C);

792

Algorithm 2: Polynomial-time algorithm for the deterministic version of PREDICTORREFINE
when k = 2
Input: Feature distribution λ = (λi)i∈[n] and deterministic predictors f1, f2.
Output: Deterministic predictors (g1, g2).

1 g⋆1 ← COMPUTEFINESTREFINEMENT(1);
2 g⋆2 ← COMPUTEFINESTREFINEMENT(2);
3 for j ∈ {1, 2} do
4 if Πg⋆

j
= Πfj then

5 gj ← fj ;
6 else
7 gj ← g⋆j ;

8 return (g1, g2);

793

Proof of Theorem 4.4. We prove the statement for j = 1; the proof for j = 2 is completely sym-794

metric.795

For each cell A ∈ Πf1 and each connected component K of G − A, define AK as in Lemma E.1,796

and set797

Π̂1 ≜ {AK ̸= ∅ : A ∈ Πf1 , K is a connected component of G−A} .

For each fixed A ∈ Πf1 , Lemma E.1(i) shows that the nonempty sets AK partition A. Since the cells798

of Πf1 partition [n], it follows that Π̂1 is a partition of [n]. By Lemma E.1(ii), every cell A′ ∈ Π̂1799

satisfies 1A′ ∈ ROW(M), and its quantity Y (1A′) is computable from the observed data. Therefore,800

by Corollary 3.4, the predictor g⋆1 returned by Algorithm 1 belongs to GDET and has signal partition801

Πg⋆
1
= Π̂1.802

We next show that Π̂1 is the finest constructible deterministic refinement of Πf1 . Let g ∈ GDET803

be any deterministic predictor such that Πg refines Πf1 . Fix any cell A′ ∈ Πg . Since Πg refines804

Πf1 , there exists a unique cell A ∈ Πf1 such that A′ ⊆ A. Because g ∈ GDET, Corollary 3.4 gives805

1A′ ∈ ROW(M). Applying Lemma E.1(iii) with S = A′ shows that A′ is a union of cells of Π̂1.806
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Since this holds for every A′ ∈ Πg , we conclude that807

if Πg refines Πf1 , then Π̂1 refines Πg. (9)

We now verify the correctness of Algorithm 2 for the first input predictor.808

• Case 1: Π̂1 ̸= Πf1 . Then Πg⋆
1
= Π̂1 strictly refines Πf1 . By Lemma 4.1, this implies g⋆1 ≻ f1.809

We claim that g⋆1 ∈ GDET
≻ . Suppose not. Then there exists some predictor g ∈ GDET such that810

g ≻ g⋆1 . By Lemma 4.1, the partition Πg strictly refines Πg⋆
1
= Π̂1. In particular, Πg refines Πf1 .811

Applying Eqn. (9) to g yields that Π̂1 refines Πg , contradicting the strict refinement of Π̂1 by Πg .812

Hence g⋆1 ∈ GDET
≻ .813

Therefore, in this case, Algorithm 2 outputs g1 = g⋆1 , and this predictor satisfies g1 ∈ GDET
≻ and814

g1 ≻ f1.815

• Case 2: Π̂1 = Πf1 . We claim that no predictor in GDET strictly informationally-dominates f1.816

Suppose, toward a contradiction, that there exists g ∈ GDET such that g ≻ f1. By Lemma 4.1,817

the partition Πg strictly refines Πf1 . Applying Eqn. (9) to g gives that Π̂1 refines Πg . Since818

Π̂1 = Πf1 , this implies that Πf1 refines Πg , contradicting the strict refinement of Πf1 by Πg .819

Thus there exists no g ∈ GDET with g ≻ f1; in particular, there exists no g ∈ GDET
≻ with g ≻ f1.820

Hence Algorithm 2 correctly outputs g1 = f1 in this case.821

Combining the two cases, the output for the first input predictor satisfies exactly the required spec-822

ification of PREDICTORREFINE. By symmetry, the same conclusion holds for the second input823

predictor. Therefore Algorithm 2 solves the deterministic version of PREDICTORREFINE when824

k = 2.825

It remains to prove the running-time bound. Let I ≜ |I(G)| = m1 + m2 and let E denote the826

number of edges of G. Because every feature index belongs to exactly one cell of Πf1 and exactly827

one cell of Πf2 , each feature contributes to at most one edge of G. Hence E ≤ n. Also m1,m2 ≤ n,828

so I ≤ 2n.829

The overlap graph and the quantities L(A) for the input cells can be computed in polynomial time830

from the input. In one call to Algorithm 1, we compute connected components of G − A once for831

each of the at most I input cells A; each such computation takes time O(I+E). After the component832

labels are known, the branch pieces for this fixed A can be formed by scanning the feature indices in833

A and grouping them according to the connected component containing their opposite-side cell; this834

takes time O(n). Thus one call to Algorithm 1 runs in time O(I(I + E + n)) which is polynomial835

in the input size because I, E ≤ O(n).836

Finally, all arithmetic used to compute the quantities L(A), Y (1A′), and µ(1A′) involves only837

polynomially many additions, subtractions, multiplications, and divisions of rational numbers whose838

bit-length is polynomial in the input size. Hence the total bit complexity is polynomial as well. The839

second call to Algorithm 1 has the same complexity. Therefore Algorithm 2 runs in polynomial840

time.841

F Missing Proofs in Section 5842

Definition F.1 (Extreme ray). Let v ∈M\{0}. We write ray(v) ≜ {β v : β ≥ 0}. The ray ray(v)843

is called an extreme ray ofM if whenever v = v† + v‡ with v†,v‡ ∈M, then v†,v‡ ∈ ray(v).844

Lemma F.1 (Support-minimal vectors span exactly the extreme rays of M). Let v ∈ M \ {0}.845

Then the following are equivalent:846

(i) the ray ray(v) is extreme inM;847

(ii) there exists no u ∈M \ {0} such that supp(u) ⊊ supp(v).848

Proof. We first prove (i) ⇒ (ii). Assume that ray(v) is extreme, and suppose toward a contradic-849

tion that there exists u ∈M \ {0} such that supp(u) ⊊ supp(v). Define850

β ≜ min
i∈supp(u)

vi

ui
.
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This scalar is well-defined and strictly positive because supp(u) ⊆ supp(v) and ui > 0 for every851

i ∈ supp(u).852

By the definition of β, we have v − βu ∈ Rn
+. Moreover, since both v and u belong to ROW(M),853

we also have854

v − βu ∈ ROW(M) .

Thus, we have v − βu ∈ M. Furthermore, v − βu ̸= 0, because every coordinate in supp(v) \855

supp(u) remains strictly positive. Thus,856

v = βu+ (v − βu)

is a decomposition of v into two nonzero vectors inM. However, the first summand βu does not857

belong to ray(v): it vanishes on supp(v) \ supp(u), whereas v is strictly positive on that set. This858

contradicts the extremality of ray(v).859

We next prove (ii)⇒ (i). Assume (ii), and consider any decomposition860

v = v† + v‡ with v†,v‡ ∈M .

If either v† = 0 or v‡ = 0, then both summands belong to ray(v), so there is nothing to prove.861

Hence assume v†,v‡ ̸= 0.862

Since v†,v‡ ≥ 0 and v = v† + v‡, we have supp(v†) ⊆ supp(v), supp(v‡) ⊆ supp(v). By863

condition (ii), neither inclusion can be strict. Thus, we have supp(v†) = supp(v) and supp(v‡) =864

supp(v).865

We show that v† ∈ ray(v). Suppose, toward a contradiction, that v† /∈ ray(v). Since both sum-866

mands have the same support as v, for every i ∈ supp(v) we have 0 < v†
i < vi. Define867

β† ≜ min
i∈supp(v)

v†
i

vi
∈ (0, 1) , z ≜ v† − β†v .

By construction, z ≥ 0. Since v†,v ∈ ROW(M), we also have z ∈ ROW(M), and therefore868

z ∈ M. Moreover, z ̸= 0, because otherwise v† = β†v, contradicting v† /∈ ray(v). Finally, by869

the definition of β†, at least one coordinate of z is zero, while z is supported inside supp(v). Thus,870

supp(z) ⊊ supp(v). This contradicts condition (ii). Therefore v† ∈ ray(v).871

The same argument applies to v‡, so v‡ ∈ ray(v) as well. Thus, ray(v) is an extreme ray of872

M.873

Lemma F.1 reduces the problem of finding extreme rays of the constructible signal cone M to a874

support-minimality problem. Indeed, by the lemma, a nonzero vector v ∈ M spans an extreme ray875

if and only if there is no other nonzero vector inM whose support is a strict subset of supp(v). This876

suggests a natural algorithmic approach: rather than searching for extreme rays directly, we may877

start from a candidate support set S ⊆ [n] and ask whether there exists any nonzero constructible878

signal vector supported inside S. If such a feasibility question can be answered efficiently, then879

we can iteratively shrink supports until no further reduction is possible, at which point Lemma F.1880

guarantees that the resulting vector lies on an extreme ray. This is precisely the role of the fol-881

lowing linear-feasibility program FEASIBLE(S): For every nonempty set S ⊆ [n], consider the882

LP-feasibility problem883

find (ξ,v) ∈ RN × Rn
+

s.t. v = M⊤ξ ,

vi = 0 , i /∈ S ,∑
i∈S

vi = 1 .

(FEASIBLE(S))

This system is feasible if and only if there exists a vector inM\ {0} whose support is contained in884

S.885
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Algorithm 3: FINDEXTREMESIGNAL(S)

Input: A nonempty set S ⊆ [n] such that FEASIBLE(S) is feasible.
Output: A vector v⋆ ∈M \ {0} whose ray is extreme.

1 Scur ← S;
2 foreach i ∈ S do
3 if i ∈ Scur and FEASIBLE(Scur \ {i}) is feasible then
4 Scur ← Scur \ {i};

5 Solve FEASIBLE(Scur) and return any feasible vector v⋆;

886

Lemma F.2. Algorithm 3 is well defined. If program FEASIBLE(S) is feasible, then the returned887

vector v⋆ belongs toM\ {0} and the ray ray(v⋆) is extreme inM.888

Proof. Because the loop only deletes one index at a time, it terminates after at most |S| iterations.889

By construction, program FEASIBLE(Scur) is feasible at the moment the algorithm stops, so the890

returned vector v⋆ belongs toM\ {0}.891

We claim that supp(v⋆) = Scur. Indeed, supp(v⋆) ⊆ Scur by the constraints of FEASIBLE(Scur).892

If the inclusion were strict, then program FEASIBLE(supp(v⋆)) would also be feasible, because893

the same vector v⋆ would satisfy all the constraints after replacing Scur by supp(v⋆). Choose any894

i ∈ Scur \ supp(v⋆). Then supp(v⋆) ⊆ Scur \ {i}, so FEASIBLE(Scur \ {i}) would be feasible,895

contradicting the stopping rule. Thus, supp(v⋆) = Scur.896

We next claim that there is no nonzero vector of M supported on a strict subset of Scur. If897

such a vector existed, then after normalizing it to have coordinate sum 1 on its support, program898

FEASIBLE(S†) would be feasible for some strict subset S† ⊊ Scur. Choose any i ∈ Scur \S†. Then899

FEASIBLE(Scur \ {i}) would be feasible, again contradicting the stopping rule. Thus, signal vector900

v⋆ satisfies condition (ii) of Lemma F.1, and hence its ray is extreme by that lemma.901

Algorithm 4: EXTREMERAYDECOMPOSE(v)

Input: A vector v ∈M \ {0}.
Output: A finite bag B(v) of vectors inM\ {0} whose rays are extreme and whose sum is v.

1 r← v;
2 Initialize B(v)← ∅, t← 1;
3 while r ̸= 0 do
4 S ← supp(r);
5 u← FINDEXTREMESIGNAL(S);
6 β ← mini∈supp(u) ri/ui;
7 v(t) ← βu;
8 add v(t) to B(v);
9 r← r− v(t);

10 t← t+ 1

11 return B(v);

902

Lemma F.3. For every v ∈M\{0}, Algorithm 4 terminates after at most n iterations and returns903

a finite bag B(v) consisting of vectors inM\ {0}, each spanning an extreme ray ofM, such that904 ∑
v†∈B(v)

v† = v.

Proof. Fix one iteration and let S = supp(r). Because r ∈ M \ {0}, the LP FEASIBLE(S) is905

feasible after scaling r so that its coordinates on S sum to 1. Thus Algorithm 3 is well defined and906

returns u ∈M \ {0} spanning an extreme ray ofM. Since supp(u) ⊆ S = supp(r), the scalar907

β ≜ min
i∈supp(u)

ri
ui

is well defined and strictly positive. Therefore v† = βu belongs toM \ {0} and spans the same908

extreme ray as u. Moreover, r−v† ∈ ROW(M) and r−v† ≥ 0, so r−v† ∈M. By the definition909
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of β, at least one coordinate of r−v† is zero on supp(u). Thus, the support strictly shrinks whenever910

r ̸= 0. Therefore the loop terminates after at most n iterations.911

If the output bag is B(v) = {v(1), . . . ,v(q)} in the order they are generated, then the residual vectors912

satisfy913

r(1) = v ; r(t+1) = r(t) − v(t) for t ∈ [q] ; r(q+1) = 0 .

Summing these identities yields v =
∑

t∈[q] v
(t), as claimed.914

The previous lemmas show that every constructible signal vector in the cone M admits a finite915

decomposition into extreme-ray pieces. We next connect this geometric decomposition to informa-916

tional dominance. For this purpose, it is convenient to use the non-strict garbling preorder.917

For two finitely supported predictors f and g, we write f ⪰ g if there exists a feature-independent918

stochastic kernel H : Σf → ∆(Σg) such that, for every feature x ∈ X , the conditional signal law of919

g is obtained from that of f by passing through H . By Lemma 3.1, this is equivalent to the existence920

of the corresponding row-stochastic matrix in bag form. Moreover,921

f ≻ g ⇐⇒ f ⪰ g and g ̸⪰ f

The preorder ⪰ is transitive: if g1 ⪰ g2 via a feature-independent garbling H12 and g2 ⪰ g3922

via a feature-independent garbling H23, then the composed channel H23 ◦ H12 is again feature-923

independent and maps the signal law of g1 directly to that of g3. We now show that once every924

row of a reduced bag lies on an extreme ray ofM, the resulting constructible predictor is already925

informationally-undominated.926

Lemma F.4 (Extreme-ray bags are informationally-undominated). Let g ∈ G be a constructible927

predictor, and write its reduced bag as V(g) = {vg,r}r∈[mg]. Assume that every vector vg,r spans928

an extreme ray ofM. Then g ∈ G≻. More precisely, for every predictor h ∈ G, if we have h ⪰ g,929

then we have V(h) = V(g) as reduced bags, up to reordering.930

Proof of Lemma F.4. Fix a predictor h, let V(h) = {vh,ℓ}ℓ∈[mh] be its reduced bag-of-vectors.931

Assume that predictor h ⪰ g. By Lemma 3.1, there exists a row-stochastic matrix H =932

(Hℓ,r)ℓ∈[mh], r∈[mg ] such that signal vector satisfies933

vg,r =
∑

ℓ∈[mh]
Hℓ,r vh,ℓ for every r ∈ [mg] . (10)

Fix a target signal index r ∈ [mg]. Because signal vector vg,r spans an extreme ray of constructible934

signal coneM and each signal vector vh,ℓ belongs toM, every source signal index ℓ with Hℓ,r > 0935

must satisfy vh,ℓ ∈ ray(vg,r). Since V(h) is reduced, there is at most one such ℓ. Denote it by ℓr if936

it exists. Then Eqn. (10) reduces to937

vg,r = Hℓr,r vh,ℓr .

Thus, the vector vh,ℓr lies on the same ray as vg,r.938

We claim that row ℓr of H has no positive entry in any other column r′ ̸= r. If Hℓr,r′ > 0 for939

some r′ ̸= r, then the same argument applied to column r′ shows that vh,ℓr lies on the same ray as940

vg,r′ . Therefore vg,r and vg,r′ would lie on the same positive ray, contradicting the fact that V(g) is941

reduced. Thus the only positive entry in row ℓr is the one in column r. Since every row of H sums942

to 1, it follows that Hℓr,r = 1, and thus, we have vh,ℓr = vg,r.943

We have shown that every vector in V(g) appears as a distinct row of V(h). If V(h) contained any944

additional row vh,ℓ not equal to one of these rows, then because row ℓ of H has sum 1, it would945

have to satisfy Hℓ,r > 0 for some r. By the first paragraph of the proof, vh,ℓ would then lie on the946

same ray as vg,r, contradicting the reducedness of V(h). Thus V(h) = V(g) up to reordering.947

In particular, if some predictor h ∈ G satisfied h ≻ g, then h ⪰ g would imply V(h) = V(g).948

Applying Lemma 3.1 again, this yields g ⪰ h, contradicting h ≻ g. Thus, no constructible predictor949

strictly dominates g, so g ∈ G≻.950
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Algorithm 5: Solving PREDICTORREFINE for randomized predictors
Input: Feature distribution λ = (λi)i∈[n] and finitely supported predictors (fj)j∈[k].
Output: Predictors (gj)j∈[k].

1 Compute the reduced bags V(fj) = {vj,ℓ}ℓ∈[mj ] for all j ∈ [k];
2 Construct the signal-feature matrix M and the observable vector b as in Definition 3.4;
3 for j ∈ [k] do
4 initialize an empty bag Ṽj ;
5 foreach ℓ ∈ [mj ] do
6 run EXTREMERAYDECOMPOSE(vj,ℓ) and add all returned vectors to Ṽj ;

7 let V⋆
j be the ray-reduction of Ṽj ;

8 foreach v ∈ V⋆
j do

9 solve M⊤ξ = v;

10 compute p(v)← ξ⊤b

λ(v)
;

11 let g⋆j be the predictor whose reduced bag is V⋆
j and whose prediction on each signal

v ∈ V⋆
j is p(v);

12 if V⋆
j = V(fj) then

13 gj ← fj ;
14 else
15 gj ← g⋆j ;

16 return (gj)j∈[k];

951

We are now ready to prove Theorem 5.1.952

Proof of Theorem 5.1. We first verify that every output constructed by the algorithm is well defined.953

Fix j ∈ [k] and fix one input row vj,ℓ ∈ V(fj). Since predictor fj itself is constructible from the954

observable information of the given instance, Definition 3.7 implies that vj,ℓ ∈ M \ {0}. Thus,955

Algorithm 4 applies and returns a finite bag B(vj,ℓ) of vectors inM \ {0} whose sum is vj,ℓ, by956

Lemma F.3. Since λi > 0 for every i and every output vector is nonzero and nonnegative, we have957

λ(v) > 0 for every v ∈ Ṽj and for every v ∈ V⋆
j . Thus every prediction p(v) is well defined.958

We next prove that g⋆j is a constructible predictor. Every vector in Ṽj belongs toM\ {0}, hence to959

ROW(M) ∩ Rn
+ \ {0}. By construction, we have960 ∑

v∈Ṽj

v =
∑

ℓ∈[mj ]
vj,ℓ = 1 .

The ray-reduction V⋆
j is obtained by summing vectors inside each ray class, so every vector in V⋆

j961

still belongs to ROW(M) ∩ Rn
+ \ {0}, and the vectors in V⋆

j still sum coordinatewise to 1. Thus,962

Definition 3.7 implies that g⋆j ∈ G.963

We now verify the prediction formula used in the algorithm. Fix v ∈ V⋆
j . Because v ∈ ROW(M),964

the linear system M⊤ξ = v has a solution. If ξ and ξ′ are two such solutions, then M⊤(ξ−ξ′) = 0,965

so966

(ξ − ξ′)⊤b = (ξ − ξ′)⊤My =
(
M⊤(ξ − ξ′)

)⊤
y = 0 .

Thus ξ⊤b depends only on v and not on the chosen solution ξ. Moreover,967

ξ⊤b = ξ⊤My = (M⊤ξ)⊤y = v⊤y = Y (v) .

Thus, the algorithm indeed assigns the calibrated value968

p(v) =
ξ⊤b

λ(v)
=

Y (v)

λ(v)
= µ(v) .

We next show that every vector in V⋆
j spans an extreme ray ofM. Indeed, every vector in Ṽj does969

so by Lemma F.3, and ray-reduction only merges positive multiples lying on the same ray.970
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Therefore Lemma F.4 gives971

g⋆j ∈ G≻ . (11)

We now prove that g⋆j ⪰ fj . Let g̃j be the predictor represented by the unreduced bag Ṽj . For972

every piece v ∈ B(vj,ℓ), define a deterministic garbling that maps the signal v of g̃j to the parent973

signal vj,ℓ of fj . Because
∑

v∈B(vj,ℓ)
v = vj,ℓ, this is a valid feature-independent garbling from974

g̃j to fj . Thus, we have g̃j ⪰ fj . By the ray-reduction equivalence proved in Lemma F.5 in975

Section F, passing from the unreduced bag Ṽj to its ray-reduction V⋆
j does not weaken informational-976

dominance content. Thus, we have g⋆j ⪰ g̃j . By transitivity of ⪰, this leads to977

g⋆j ⪰ fj . (12)

We now analyze the two cases of the algorithm.978

• Case 1: V⋆
j ̸= V(fj). By Eqn. (12), we already know g⋆j ⪰ fj . We claim that fj ̸⪰ g⋆j . Otherwise,979

applying Lemma F.4 to g⋆j with h = fj would imply V(fj) = V⋆
j , contrary to the assumption of980

this case. Thus, we have g⋆j ≻ fj . Together with Eqn. (11), this shows that the algorithm outputs981

gj = g⋆j ∈ G≻ and gj ≻ fj in this case.982

• Case 2: V⋆
j = V(fj). Since every vector in V⋆

j spans an extreme ray ofM, the same is true for983

every vector in V(fj). Applying Lemma F.4 directly to fj gives fj ∈ G≻. Thus, there does not984

exist any predictor h ∈ G≻ such that h ≻ fj . In this case the algorithm outputs gj = fj , exactly985

as required by the specification of PREDICTORREFINE.986

Since the above argument holds for every j ∈ [k], the algorithm is correct.987

It remains to prove the running-time bound. Let Lin denote the total binary encoding length of988

the input: namely, of λ, of all rational entries of the input kernels, and of all rational input signal989

predictions. From the kernels, the reduced bags V(fj) can be computed in polynomial time by first990

forming the raw vectors and then merging equal normalized ray representatives. For example, for991

every nonzero rational vector v, define its normalized representative992

v̂ ≜
v∑

i∈[n] vi
.

Since v ∈ Rn
+ \ {0}, two such vectors lie on the same positive ray if and only if their normal-993

ized representatives are equal. Thus both ray-reduction and equality testing of reduced bags are994

polynomial-time operations over rational data.995

The matrix M and the vector b of Definition 3.4 are computable in polynomial time from the996

reduced bags and the input signal predictions. Every LP instance FEASIBLE(S) has N+n variables997

and a number of linear constraints polynomial in N + n, with rational coefficients of bit-length998

polynomial in Lin. Therefore every feasibility test and every feasible solution can be computed in999

time polynomial in Lin by standard polynomial-time algorithms for rational linear programming.1000

By Algorithm 3, one call to FINDEXTREMESIGNAL performs at most n LP-feasibility tests and1001

one final LP solve. By Lemma F.3, one call to EXTREMERAYDECOMPOSE performs at most n1002

iterations. Thus, one call to EXTREMERAYDECOMPOSE uses at most O(n2) LP solves. Since the1003

total number of input reduced-bag rows is N =
∑

j∈[k] mj , the whole algorithm performs at most1004

O(N n2) LP solves.1005

Finally, each input row yields at most n extreme-ray pieces, so the unreduced bag Ṽj has size1006

at most mjn, and the final reduced bag V⋆
j has size at most mjn as well. For each output row1007

v ∈ V⋆
j , the algorithm solves the rational linear system M⊤ξ = v and computes the rational number1008

p(v) = ξ⊤b/λ(v); this takes polynomial time. Therefore the total running time of Algorithm 5 is1009

polynomial in the input size Lin.1010

Thus Algorithm 5 is a polynomial-time algorithm that solves PREDICTORREFINE under informa-1011

tional dominance.1012

Lemma F.5 (Ray merging preserves dominance). Let V = {v1, . . . ,vm} ⊆ Rn
+ \ {0} be a finite1013

bag satisfying
∑

ℓ∈[m] vℓ = 1. Let Vred be obtained from V by merging every ∼ray-equivalence1014
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class into the sum of all vectors in that class. Let graw and gred be the predictors represented by1015

V and Vred, respectively. Then graw ⪰ gred and gred ⪰ graw. Consequently, for every finitely1016

supported predictor h,1017

h ≻ graw ⇐⇒ h ≻ gred ; graw ≻ h⇐⇒ gred ≻ h .

Proof. LetR1, . . . ,RL be the distinct ∼ray-equivalence classes in V , and for each t ∈ [L] write1018

v̄t ≜
∑

vℓ∈Rt

vℓ .

Thus Vred = {v̄t}t∈[L]. To obtain gred from graw, map every raw signal ℓ ∈ [m] deterministically1019

to the unique class t ∈ [L] with vℓ ∈ Rt. This is a feature-independent garbling, so graw ⪰ gred.1020

For the reverse direction, fix a class Rt. Choose any representative v⋆
t ∈ Rt. For every vℓ ∈ Rt,1021

there exists a unique scalar αℓ > 0 such that vℓ = αℓv
⋆
t . Thus,1022

v̄t =
∑

vℓ∈Rt

αℓv
⋆
t =

(∑
vℓ∈Rt

αℓ

)
v⋆
t .

Define γℓ ≜
αℓ∑

vr∈Rt
αr

for each vℓ ∈ Rt. Then γℓ ≥ 0,
∑

vℓ∈Rt
γℓ = 1, and vℓ = γℓv̄t for every1023

vℓ ∈ Rt. Therefore, conditioned on the merged signal t, one can recover a raw signal inside Rt by1024

an independent random split with probabilities (γℓ)vℓ∈Rt
. Doing this independently for every class1025

yields a feature-independent garbling from gred to graw. Thus gred ⪰ graw.1026

Finally, because⪰ is transitive, mutual⪰-equivalence preserves every strict comparison. For exam-1027

ple, if h ≻ graw, then h ⪰ graw ⪰ gred, so h ⪰ gred. If also gred ⪰ h, then graw ⪰ gred ⪰ h,1028

contradicting h ≻ graw. Thus h ≻ gred. The other implications are identical.1029
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NeurIPS Paper Checklist1030

1. Claims1031

Question: Do the main claims made in the abstract and introduction accurately reflect the1032

paper’s contributions and scope?1033

Answer: [Yes]1034

Justification: The paper contains only theoretical results backed by formal proofs. The1035

abstract and introduction summarize these theoretical results and discuss their potential1036

applications.1037

Guidelines:1038

• The answer [N/A] means that the abstract and introduction do not include the claims1039

made in the paper.1040

• The abstract and/or introduction should clearly state the claims made, including the1041

contributions made in the paper and important assumptions and limitations. A [No] or1042

[N/A] answer to this question will not be perceived well by the reviewers.1043

• The claims made should match theoretical and experimental results, and reflect how1044

much the results can be expected to generalize to other settings.1045

• It is fine to include aspirational goals as motivation as long as it is clear that these1046

goals are not attained by the paper.1047

2. Limitations1048

Question: Does the paper discuss the limitations of the work performed by the authors?1049

Answer: [Yes]1050

Justification: We present both positive results (algorithms) and negative results (computa-1051

tional hardness). No major assumptions are needed, and all aspects of the model are clearly1052

defined and discussed.1053

Guidelines:1054

• The answer [N/A] means that the paper has no limitation while the answer [No] means1055

that the paper has limitations, but those are not discussed in the paper.1056

• The authors are encouraged to create a separate “Limitations” section in their paper.1057

• The paper should point out any strong assumptions and how robust the results are to1058

violations of these assumptions (e.g., independence assumptions, noiseless settings,1059

model well-specification, asymptotic approximations only holding locally). The au-1060

thors should reflect on how these assumptions might be violated in practice and what1061

the implications would be.1062

• The authors should reflect on the scope of the claims made, e.g., if the approach was1063

only tested on a few datasets or with a few runs. In general, empirical results often1064

depend on implicit assumptions, which should be articulated.1065

• The authors should reflect on the factors that influence the performance of the ap-1066

proach. For example, a facial recognition algorithm may perform poorly when image1067

resolution is low or images are taken in low lighting. Or a speech-to-text system might1068

not be used reliably to provide closed captions for online lectures because it fails to1069

handle technical jargon.1070

• The authors should discuss the computational efficiency of the proposed algorithms1071

and how they scale with dataset size.1072

• If applicable, the authors should discuss possible limitations of their approach to ad-1073

dress problems of privacy and fairness.1074

• While the authors might fear that complete honesty about limitations might be used by1075

reviewers as grounds for rejection, a worse outcome might be that reviewers discover1076

limitations that aren’t acknowledged in the paper. The authors should use their best1077

judgment and recognize that individual actions in favor of transparency play an impor-1078

tant role in developing norms that preserve the integrity of the community. Reviewers1079

will be specifically instructed to not penalize honesty concerning limitations.1080

3. Theory assumptions and proofs1081
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Question: For each theoretical result, does the paper provide the full set of assumptions and1082

a complete (and correct) proof?1083

Answer: [Yes]1084

Justification: All assumptions and proofs are provided.1085

Guidelines:1086

• The answer [N/A] means that the paper does not include theoretical results.1087

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1088

referenced.1089

• All assumptions should be clearly stated or referenced in the statement of any theo-1090

rems.1091

• The proofs can either appear in the main paper or the supplemental material, but if1092

they appear in the supplemental material, the authors are encouraged to provide a1093

short proof sketch to provide intuition.1094

• Inversely, any informal proof provided in the core of the paper should be comple-1095

mented by formal proofs provided in appendix or supplemental material.1096

• Theorems and Lemmas that the proof relies upon should be properly referenced.1097

4. Experimental result reproducibility1098

Question: Does the paper fully disclose all the information needed to reproduce the main1099

experimental results of the paper to the extent that it affects the main claims and/or conclu-1100

sions of the paper (regardless of whether the code and data are provided or not)?1101

Answer: [N/A]1102

Justification: N/A.1103

Guidelines:1104

• The answer [N/A] means that the paper does not include experiments.1105

• If the paper includes experiments, a [No] answer to this question will not be per-1106

ceived well by the reviewers: Making the paper reproducible is important, regardless1107

of whether the code and data are provided or not.1108

• If the contribution is a dataset and/or model, the authors should describe the steps1109

taken to make their results reproducible or verifiable.1110

• Depending on the contribution, reproducibility can be accomplished in various ways.1111

For example, if the contribution is a novel architecture, describing the architecture1112

fully might suffice, or if the contribution is a specific model and empirical evaluation,1113

it may be necessary to either make it possible for others to replicate the model with1114

the same dataset, or provide access to the model. In general. releasing code and data1115

is often one good way to accomplish this, but reproducibility can also be provided via1116

detailed instructions for how to replicate the results, access to a hosted model (e.g., in1117

the case of a large language model), releasing of a model checkpoint, or other means1118

that are appropriate to the research performed.1119

• While NeurIPS does not require releasing code, the conference does require all sub-1120

missions to provide some reasonable avenue for reproducibility, which may depend1121

on the nature of the contribution. For example1122

(a) If the contribution is primarily a new algorithm, the paper should make it clear1123

how to reproduce that algorithm.1124

(b) If the contribution is primarily a new model architecture, the paper should describe1125

the architecture clearly and fully.1126

(c) If the contribution is a new model (e.g., a large language model), then there should1127

either be a way to access this model for reproducing the results or a way to re-1128

produce the model (e.g., with an open-source dataset or instructions for how to1129

construct the dataset).1130

(d) We recognize that reproducibility may be tricky in some cases, in which case au-1131

thors are welcome to describe the particular way they provide for reproducibility.1132

In the case of closed-source models, it may be that access to the model is limited in1133

some way (e.g., to registered users), but it should be possible for other researchers1134

to have some path to reproducing or verifying the results.1135
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5. Open access to data and code1136

Question: Does the paper provide open access to the data and code, with sufficient instruc-1137

tions to faithfully reproduce the main experimental results, as described in supplemental1138

material?1139

Answer: [N/A]1140

Justification: N/A.1141

Guidelines:1142

• The answer [N/A] means that paper does not include experiments requiring code.1143

• Please see the NeurIPS code and data submission guidelines (https://neurips.1144

cc/public/guides/CodeSubmissionPolicy) for more details.1145

• While we encourage the release of code and data, we understand that this might not1146

be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not1147

including code, unless this is central to the contribution (e.g., for a new open-source1148

benchmark).1149

• The instructions should contain the exact command and environment needed to run to1150

reproduce the results. See the NeurIPS code and data submission guidelines (https:1151

//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.1152

• The authors should provide instructions on data access and preparation, including how1153

to access the raw data, preprocessed data, intermediate data, and generated data, etc.1154

• The authors should provide scripts to reproduce all experimental results for the new1155

proposed method and baselines. If only a subset of experiments are reproducible, they1156

should state which ones are omitted from the script and why.1157

• At submission time, to preserve anonymity, the authors should release anonymized1158

versions (if applicable).1159

• Providing as much information as possible in supplemental material (appended to the1160

paper) is recommended, but including URLs to data and code is permitted.1161

6. Experimental setting/details1162

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-1163

rameters, how they were chosen, type of optimizer) necessary to understand the results?1164

Answer: [N/A]1165

Justification: N/A.1166

Guidelines:1167

• The answer [N/A] means that the paper does not include experiments.1168

• The experimental setting should be presented in the core of the paper to a level of1169

detail that is necessary to appreciate the results and make sense of them.1170

• The full details can be provided either with the code, in appendix, or as supplemental1171

material.1172

7. Experiment statistical significance1173

Question: Does the paper report error bars suitably and correctly defined or other appropri-1174

ate information about the statistical significance of the experiments?1175

Answer: [N/A]1176

Justification: N/A.1177

Guidelines:1178

• The answer [N/A] means that the paper does not include experiments.1179

• The authors should answer [Yes] if the results are accompanied by error bars, confi-1180

dence intervals, or statistical significance tests, at least for the experiments that support1181

the main claims of the paper.1182

• The factors of variability that the error bars are capturing should be clearly stated (for1183

example, train/test split, initialization, random drawing of some parameter, or overall1184

run with given experimental conditions).1185
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• The method for calculating the error bars should be explained (closed form formula,1186

call to a library function, bootstrap, etc.)1187

• The assumptions made should be given (e.g., Normally distributed errors).1188

• It should be clear whether the error bar is the standard deviation or the standard error1189

of the mean.1190

• It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-1191

ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of1192

Normality of errors is not verified.1193

• For asymmetric distributions, the authors should be careful not to show in tables or fig-1194

ures symmetric error bars that would yield results that are out of range (e.g., negative1195

error rates).1196

• If error bars are reported in tables or plots, the authors should explain in the text how1197

they were calculated and reference the corresponding figures or tables in the text.1198

8. Experiments compute resources1199

Question: For each experiment, does the paper provide sufficient information on the com-1200

puter resources (type of compute workers, memory, time of execution) needed to reproduce1201

the experiments?1202

Answer: [N/A]1203

Justification: N/A.1204

Guidelines:1205

• The answer [N/A] means that the paper does not include experiments.1206

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1207

or cloud provider, including relevant memory and storage.1208

• The paper should provide the amount of compute required for each of the individual1209

experimental runs as well as estimate the total compute.1210

• The paper should disclose whether the full research project required more compute1211

than the experiments reported in the paper (e.g., preliminary or failed experiments1212

that didn’t make it into the paper).1213

9. Code of ethics1214

Question: Does the research conducted in the paper conform, in every respect, with the1215

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1216

Answer: [Yes]1217

Justification: All items of the Code are honored.1218

Guidelines:1219

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of1220

Ethics.1221

• If the authors answer [No], they should explain the special circumstances that require1222

a deviation from the Code of Ethics.1223

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1224

eration due to laws or regulations in their jurisdiction).1225

10. Broader impacts1226

Question: Does the paper discuss both potential positive societal impacts and negative1227

societal impacts of the work performed?1228

Answer: [N/A]1229

Justification: The paper is theoretically focused, and we do not see direct broader impacts1230

in the sense concerned here.1231

Guidelines:1232

• The answer [N/A] means that there is no societal impact of the work performed.1233

• If the authors answer [N/A] or [No], they should explain why their work has no soci-1234

etal impact or why the paper does not address societal impact.1235
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• Examples of negative societal impacts include potential malicious or unintended uses1236

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations1237

(e.g., deployment of technologies that could make decisions that unfairly impact spe-1238

cific groups), privacy considerations, and security considerations.1239

• The conference expects that many papers will be foundational research and not tied1240

to particular applications, let alone deployments. However, if there is a direct path to1241

any negative applications, the authors should point it out. For example, it is legitimate1242

to point out that an improvement in the quality of generative models could be used to1243

generate Deepfakes for disinformation. On the other hand, it is not needed to point out1244

that a generic algorithm for optimizing neural networks could enable people to train1245

models that generate Deepfakes faster.1246

• The authors should consider possible harms that could arise when the technology is1247

being used as intended and functioning correctly, harms that could arise when the1248

technology is being used as intended but gives incorrect results, and harms following1249

from (intentional or unintentional) misuse of the technology.1250

• If there are negative societal impacts, the authors could also discuss possible mitiga-1251

tion strategies (e.g., gated release of models, providing defenses in addition to attacks,1252

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1253

feedback over time, improving the efficiency and accessibility of ML).1254

11. Safeguards1255

Question: Does the paper describe safeguards that have been put in place for responsible1256

release of data or models that have a high risk for misuse (e.g., pre-trained language models,1257

image generators, or scraped datasets)?1258

Answer: [N/A]1259

Justification: No data or models are released.1260

Guidelines:1261

• The answer [N/A] means that the paper poses no such risks.1262

• Released models that have a high risk for misuse or dual-use should be released with1263

necessary safeguards to allow for controlled use of the model, for example by re-1264

quiring that users adhere to usage guidelines or restrictions to access the model or1265

implementing safety filters.1266

• Datasets that have been scraped from the Internet could pose safety risks. The authors1267

should describe how they avoided releasing unsafe images.1268

• We recognize that providing effective safeguards is challenging, and many papers do1269

not require this, but we encourage authors to take this into account and make a best1270

faith effort.1271

12. Licenses for existing assets1272

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1273

the paper, properly credited and are the license and terms of use explicitly mentioned and1274

properly respected?1275

Answer: [N/A]1276

Justification: No assets are used.1277

Guidelines:1278

• The answer [N/A] means that the paper does not use existing assets.1279

• The authors should cite the original paper that produced the code package or dataset.1280

• The authors should state which version of the asset is used and, if possible, include a1281

URL.1282

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1283

• For scraped data from a particular source (e.g., website), the copyright and terms of1284

service of that source should be provided.1285

• If assets are released, the license, copyright information, and terms of use in the pack-1286

age should be provided. For popular datasets, paperswithcode.com/datasets has1287

curated licenses for some datasets. Their licensing guide can help determine the li-1288

cense of a dataset.1289
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• For existing datasets that are re-packaged, both the original license and the license of1290

the derived asset (if it has changed) should be provided.1291

• If this information is not available online, the authors are encouraged to reach out to1292

the asset’s creators.1293

13. New assets1294

Question: Are new assets introduced in the paper well documented and is the documenta-1295

tion provided alongside the assets?1296

Answer: [N/A]1297

Justification: No assets are released.1298

Guidelines:1299

• The answer [N/A] means that the paper does not release new assets.1300

• Researchers should communicate the details of the dataset/code/model as part of their1301

submissions via structured templates. This includes details about training, license,1302

limitations, etc.1303

• The paper should discuss whether and how consent was obtained from people whose1304

asset is used.1305

• At submission time, remember to anonymize your assets (if applicable). You can1306

either create an anonymized URL or include an anonymized zip file.1307

14. Crowdsourcing and research with human subjects1308

Question: For crowdsourcing experiments and research with human subjects, does the pa-1309

per include the full text of instructions given to participants and screenshots, if applicable,1310

as well as details about compensation (if any)?1311

Answer: [N/A]1312

Justification: No crowdsourcing or research with human subjects are involved.1313

Guidelines:1314

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1315

with human subjects.1316

• Including this information in the supplemental material is fine, but if the main contri-1317

bution of the paper involves human subjects, then as much detail as possible should1318

be included in the main paper.1319

• According to the NeurIPS Code of Ethics, workers involved in data collection, cura-1320

tion, or other labor should be paid at least the minimum wage in the country of the1321

data collector.1322

15. Institutional review board (IRB) approvals or equivalent for research with human1323

subjects1324

Question: Does the paper describe potential risks incurred by study participants, whether1325

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1326

approvals (or an equivalent approval/review based on the requirements of your country or1327

institution) were obtained?1328

Answer: [N/A]1329

Justification: No crowdsourcing or research with human subjects are involved.1330

Guidelines:1331

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1332

with human subjects.1333

• Depending on the country in which research is conducted, IRB approval (or equiva-1334

lent) may be required for any human subjects research. If you obtained IRB approval,1335

you should clearly state this in the paper.1336

• We recognize that the procedures for this may vary significantly between institutions1337

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1338

guidelines for their institution.1339

• For initial submissions, do not include any information that would break anonymity1340

(if applicable), such as the institution conducting the review.1341
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16. Declaration of LLM usage1342

Question: Does the paper describe the usage of LLMs if it is an important, original, or1343

non-standard component of the core methods in this research? Note that if the LLM is used1344

only for writing, editing, or formatting purposes and does not impact the core methodology,1345

scientific rigor, or originality of the research, declaration is not required.1346

Answer: [N/A]1347

Justification: LLMs are not involved in substantial ways.1348

Guidelines:1349

• The answer [N/A] means that the core method development in this research does not1350

involve LLMs as any important, original, or non-standard components.1351

• Please refer to our LLM policy in the NeurIPS handbook for what should or should1352

not be described.1353
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